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Abstract. Consensus control in multi-agent systems has emerged as a key domain of research, owing to its broad implementations
in numerous fields. However, achieving consensus, where all agents agree on a common value, presents a key challenge in the
study of multi-agent coordination. To address this, consensus models are formulated and developed specifically to solve such
problems. Previous empirical and theoretical studies have shown that nonlinear models outperform linear models in tackling
consensus challenges. Limited studies of the nonlinear consensus models promote the idea of a potential nonlinear model utilising
Geometric quadratic stochastic operators (QSOs). This paper proposed Geometric QSOs for solving consensus problems in the
systems of multi-agent. For consensus convergence, the suggested method makes advantage of a nonlinear class of family of QSOs
with geometric distribution. The foundation of the nonlinear protocols for Geometric QSOs is probability and measure theory. The
study uses geometric QSOs to examine how the multi-agent systems converge to the ideal value. An investigation was conducted in
comparison between the DeGroot model and current nonlinear models. Our results suggest that the suggested nonlinear consensus
model can be used to solve a more sophisticated consensus problem.

INTRODUCTION

In recent years, extensive research on multi-agent systems (MAS) has concentrated on addressing the challenges faced
by autonomous groups of agents in distributed systems. A major issue is getting all agents to agree on a common
value, known as consensus. Achieving consensus means all agents must reach the same status, which is a significant
challenge in coordinating multi-agents. To achieve this, different connectivity requirements and alternating topologies
are used [1]. The consensus problem involves getting multiple independent agents to agree through local interactions,
meaning all agents must have equal statuses.

The consensus problem is important in many fields, like robotics, distributed computing, and sensor networks [2, 3,
4]. In multi-agent systems, creating a framework that ensures all agents reach a consensus is a big challenge. Agents’
states can include views, parameters, estimates, doctrines, locations, and velocities.

DeGroot has significantly contributed to solving the consensus problem [5]. His model shows that initial value
vectors, representing viewpoints, are crucial for achieving consensus [6]. A graphical method for achieving consensus
in dynamic environments using a linear model has been explored [7]. Furthermore, the consensus problem in linear
time with a stochastic matrix containing positive diagonal entries has been investigated [8]. Another study looked
at the dynamics of a linear general consensus with arbitrary distribution, governed by pattern-triggered events [9].
However, these studies assume that agents are linear, which is often not the case in real-world physical systems [10].

Many studies have tried to include nonlinear convergence protocols in the MAS consensus problem. Designing a
nonlinear model for many network nodes is a complex mathematical task. Various theoretical and empirical works
have explored this, including the use of doubly stochastic matrices [11]. Early work on nonlinear stability control has
also been discussed. Both linear and nonlinear approaches have been proposed for achieving consensus in distributed
systems [12]. Nonlinear consensus procedures are used in applications like active agents, which have entry constraints
[13]. Most published nonlinear models are very complex and have limited constraints, such as cubic stochastic systems
where each agent is stochastically related to every other agent. Current research focuses on using majorization theory
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to understand the computational complexity of nonlinear consensus [14, 15]. It is beneficial to explore new nonlinear
consensus models using measure and probability theory, which offer more possible contexts and groups of agents.

Consensus models fall into two types: linear and nonlinear models, according to earlier studies. While the nonlinear
models are considerably more challenging to formulate but arrive at consensus more quickly, the linear model is
comparatively simpler to construct but takes longer for reaching consensus. Considered to be the first linear consensus
model, the DeGroot model was first proposed in 1974 as the most fundamental mathematical computational design for
the consensus process. In the meanwhile, fractional orders, nonlinear stochastic procedures, the Lyapunov function,
and nonlinear models with first and second orders are all included in the nonlinear consensus model. The nonlinear
models outperform the linear model, as demonstrated in [16]. However, nonlinear models have the drawback of often
being more complex and having limited configurations. Investigating nonlinear models with quicker convergence to
an optimal complexity consensus that is still comparatively low and more durable is the main focus at the moment.

The nonlinear differential equations known as quadratic stochastic operators (QSOs), initially laid out by Bern-
stein [17], developed from particular population genetics issues. The main outcome of the enhanced class of QSO
on a 2-dimensional simplex was established by Vallander [18]. Later, Lyubich [19] offered a thorough analysis of
QSOs defined on a one-dimensional simplex. In [20], the doubly stochastic quadratic operators (DSQOs) notion was
explained, along with the definition of the appropriate and adequate circumstances for these operators. Even on a two-
dimensional simplex, the use of QSOs, which are first explored in population genetics, remains an open, challenging
subject.

Some nonlinear consensus protocols have been created utilizing the QSO model [14, 15]. These protocols are often
created to reach consensus quickly and with minimal complexity. Consensus issues in the systems of multi-agents
can be effectively addressed by a number of methods. According to this viewpoint, we will address distributed system
consensus issues by employing a subclass of QSOs called Geometric QSOs, which integrate measure and probability
theory and have been the subject of recent, active research [21, 22, 23].

This paper is structured as follows. We presented our methodology through preliminaries of Geometric QSOs in
Section 2. The DeGroot model, QSOs model, DSQOs model, and Geometric QSOs model involved for MAS are all
covered in Section 3. We discussed the simulated comparison of the aforementioned models in Section 4. Section 5
serves as the paper’s final conclusion.

METHODOLOGY

This section outlines the fundamental concepts, definitions, and formulations related to QSOs and introduces the
Geometric QSO. The mathematical framework is built upon probability and measure theory, focusing on the dynamics
of multi-agent systems.

We denote (X ,F ) as a measurable space with a state space X and a σ -algebra, F . Then, on the measurable space,
we describe a set of all probability measures S(X ,F ). For a finite state space X = {1,2, . . . ,m}, the corresponding
σ -algebra is represented by a power set P(X). The collection of all probability measures on (X ,P(X)) forms an
(m−1)-dimensional simplex, expressed as follows:

Sm−1 =

{
x = (x1, ...,xm) ∈ Rm : xi ≥ 0,

m

∑
i=1

xi = 1

}
.

for i = 1, . . . ,m.

Definition 1 . A QSO is a transformation V : Sm−1→ Sm−1 defined as:

(V x)k =
m

∑
i, j=1

Pi j,kxix j, (1)

where the coefficients Pi j,k represents a probability measure, satisfying the following conditions:

Pi j,k ≥ 0, Pi j,k = Pji,k,
m

∑
k=1

Pi j,k = 1, (2)

for all i, j,k ∈ X.
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Given an arbitrary x(0) ∈ Sm−1, the trajectory of x(n) generated by x(0) under the operator in Eq. (1) is expressed
as x(n+1) = V (x(n)), for n = 0,1, . . . . Alternatively, for any origin point indicated by λ ∈ S(X ,F ), where V n+1λ =
V (V nλ ), the sequence {V nλ : n = 0,1, ...} represents the trajectory of λ .

Definition 2 . If the limit

lim
n→∞

V n(λ )

exists for any initial point λ ∈ S(X ,F ), then a QSO V is regular.

Throughout this study, we consider the Geometric QSO as the nonlinear consensus protocol. For the Geometric
QSO, the following notions are necessary to be mentioned.

Consider a countable sample space X = {0,1, . . .} with its corresponding σ -algebra F , which is the power set
P(X). A probability measure µ is defined on the sample space X such that µ({k}) = µ(k), where µ(k) denotes the
measure of each singleton {k} with k ∈ X . For this countable state space X , the QSO V can be expressed in the
following form:

V µ (k) =
∞

∑
i=0

∞

∑
j=0

Pi j,kµ (i)µ ( j), (3)

where µ ∈ S (X ,F ) and Pi j,k accommodates conditions in Eq. (2). A Geometric distribution Gr, defined on the
countable set X , is characterized by a real parameter r, where 0 < r < 1, and is given as:

Gr (k) = (1− r)rk, k ∈ X .

Definition 3 . A QSO V as defined in Eq. (3) is referred to as a Geometric QSO, if for any i, j ∈ X, the probability
measure P(i, j, ·) follows a geometric distribution with parameter r(i, j), where 0 < r(i, j)< 1.

The Geometric QSO was first introduced in [21]. The behavior of Geometric QSOs generated by finite partitions was
extensively investigated in [22, 23]. One can describe the Geometric QSO generated by m-partition as follows.

We consider a measurable m-partition of an infinitely countable set X , denoted as ξ = {A1,A2, . . . ,Am}. Corre-
spondingly, we define a partition on X ×X as ζ =

{
Bi j : i, j = 1, . . . ,m

}
, where Bii = Ai×Ai for i = 1, . . . ,m, and

Bi j = (Ai×A j)∪ (A j×Ai) for i 6= j. Consequently, it holds that Bi j = B ji. Next, we introduce a probability measures
family µi j defined on the measurable space (X ,F ), where F represents the power set of X . Using this setup, we
define P(x,y,A), indicating the probability measure as follows:

P(x,y,A) = µi j (A) for (x,y) ∈ Bi j. (4)

For any λ ∈ S(X ,F ) and measurable set A ∈F , the following holds:

(V λ )(A) =
∫
X

∫
X

P(x,y,A)dλ (x)dλ (y) =
m

∑
i, j=1

∫
Ai

∫
A j

µi j (A)dλ (x)dλ (y) =
m

∑
i, j=1

µi j (A)λ (Ai)λ (A j).

Let λ represent an initial measure, and consider the trajectory {V nλ : n = 0,1,2, . . .} generated by this measure.
Here, the trajectory is defined recursively as V n+1λ =V (V nλ ) for all n = 0,1,2, . . . , with the initial condition V 0λ =
λ . Then,

(
V n+1

λ
)
(A) =

m

∑
i, j=1

µi j (A)(V n
λ )(Ai)(V n

λ )(A j),

with
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(
V n+1

λ
)
(Ak) =

m

∑
i, j=1

µi j (Ak)(V n
λ )(Ai)(V n

λ )(A j), (5)

for k = 1, . . . ,m.
Assume that xk

(n) = (V nλ )(Ak) and Pi j,k = µi j (Ak). Then, for the vector
(

x1
(n), ...,xm

(n)
)
∈ Sm−1, we can express

the system of equations in Eq. (5) in the form:

(Wx)k =
m

∑
i, j=1

Pi j,kxix j, (6)

for all k = 1, . . . ,m, satisfying conditions in Eq. (2).
According to the Geometric QSO analysis in [23], the 2-partition defined combines a finite-element and an infinite-

element partition. It has been established that such operators can be either regular with a single fixed point or non-
regular with period-2 periodic points. However, in this article, we will look into the Geometric QSO, which can

converge to the center of a simplex. Consider the set intSm−1 =

{
x ∈ Sm−1 :

m
∑

i=1
xi = 1,xi > 0

}
as the simplex interior.

The simplex vertices are denoted by points ek =
{

0,0, . . . , 1
k , . . . ,0

}
, while the scalar vector

( 1
m ,

1
m , . . . ,

1
m

)
is indicated

as the simplex center.
In [21], it has been shown that the Geometric QSO with three different parameters, which is defined as follows:

Pi j,k =


(1− r1)rk

1 if i+ j ≡ 0(mod 3) ,
(1− r2)rk

2 if i+ j ≡ 1(mod 3) ,
(1− r3)rk

3 if i+ j ≡ 2(mod 3) ,
(7)

is potentially converging to
( 1

3 ,
1
3 ,

1
3

)
, which is the center of the 2-dimensional simplex for some values of r1, r2, and

r3. Therefore, we shall consider such a definition of Pi j,k for the intended nonlinear consensus protocol in this work.

RESULTS AND DISCUSSION

We present an analogous analysis of the DeGroot model, QSO model, DSQO model, and the proposed Geometric
QSO model in this section to evaluate their performance in addressing consensus problems in MAS. For this analysis,
three agents x, y, and z are considered, and their convergence behaviors are studied under different initial conditions.

DeGroot linear model

The DeGroot model is ruled by the iterative equation in the following form:

x(t+1) = P(t)x(t) =

a11 a12 a13
a21 a22 a23
a31 a32 a33

x
y
z

 ,

where P(t) represents a transition matrix, x(t) is the vector of agent states at time t, and (t +1) denotes the subsequent
iteration. Here, x(t +1) represents the updated state vector at iteration (t +1), while the updated value of each
individual components x, y, and z, calculated using the equation:

X = a11x+a12y+a13z,
Y = a21x+a22y+a23z,
Z = a31x+a32y+a33z,

respectively, subject to the conditions:

ai j ≥ 0,
3

∑
i=1

a1i =
3

∑
i=1

a2i =
3

∑
i=1

a3i = 1,
3

∑
i=1

ai1 =
3

∑
i=1

ai2 =
3

∑
i=1

ai3 = 1.
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QSO nonlinear model

The QSO nonlinear model employs a more complex structure defined as:

(V x) =
m

∑
i, j=1

Pi j,kxix j = xiPi j,1x j + xiPi j,2x j + · · ·+ xiPi j,mx j, (8)

for k = 1, . . . ,m, where Pi j,k represents the probability measures with xi and x j as agents vector column and row,
respectively, in the form:

m

∑
i, j=1

Pi j,kxix j =



(
x y z

) a11 a12 a13
a21 a22 a23
a31 a32 a33

 x
y
z


(
x y z

) a12 a13 a11
a22 a23 a21
a32 a33 a31

 x
y
z


(
x y z

) a13 a11 a12
a23 a21 a22
a33 a31 a32

 x
y
z




,

for i, j,k = 1,2,3, where x1 = x, x2 = y, and x3 = z. Then, the system of equations for the QSOs nonlinear operator
can be presented as:

V(x) = a11x2 +a22y2 +a33z2 +a21xy+a31xz+a12xy+a32yz+a13xz+a23yz,
V(y) = a12x2 +a23y2 +a31z2 +a22xy+a32xz+a13xy+a33yz+a11xz+a21yz,
V(z) = a13x2 +a21y2 +a32z2 +a23xy+a33xz+a11xy+a31yz+a12xz+a22yz.

DSQO nonlinear model

A subclass of QSO, the DSQO model, simplifies the polynomial structure by incorporating majorization theory. This
leads to reduced computational overhead as given in Eq. (8). Based on the model, the system of equations of the
DSQOs nonlinear model can be represented by the following:

m

∑
i, j=1

Pi j,kxix j =



(
x y z

) a11,1 a12,1 a13,1
a21,1 a22,1 a23,1
a31,1 a32,1 a33,1

 x
y
z


(
x y z

) a12,2 a13,2 a11,2
a22,2 a23,2 a21,2
a32,2 a33,2 a31,2

 x
y
z


(
x y z

) a13,3 a11,3 a12,3
a23,3 a21,3 a22,3
a33,3 a31,3 a32,3

 x
y
z




.

The DSQO model’s transition matrices:

Pi j,1 =

0 0 1
0 1 0
1 0 0

 ,Pi j,2 =

1 0 0
0 0 1
0 1 0

 ,Pi j,3 =

0 1 0
1 0 0
0 0 1

 .

satisfy specific doubly stochastic conditions by using majorization theory as in [24]. Hence, we will have the following
evaluation of the nonlinear operator of DSQO:

V(x) = y2 +2xz,
V(y) = x2 +2yz,
V(z) = z2 +2xy.

(9)
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Geometric QSO nonlinear model

Lastly, we will introduce the protocols of the nonlinear Geometric QSO model, which represents a specific subclass
of QSOs. Consider a Geometric QSO in the Definition 3 with the conditions of Pi j,k in Eq. (7).

Let A(µ) = ∑
∞
i=0 µ (3i), B(µ) = ∑

∞
i=0 µ (3i+1), and C (µ) = ∑

∞
i=0 µ (3i+2) for any initial measure µ ∈ S(X ,F ),

where A(µ)+B(µ)+C (µ) = 1. In this context, A(µ), B(µ), and C (µ) refer to the agent x , y, and z, respectively.
One can easily verify that for parameter 0 < r < 1, we have the following:

A(Gr) =
1

r2−3r+3
,B(Gr) =

1− r
r2−3r+3

,C (Gr) =
(1− r)2

r2−3r+3
.

By implying the condition in Eq. (7) into the QSO in Eq. (3), the recurrent equation is represented by:

V n+1
µ (k) = r1 (1− r1)

k (A2 (V n
µ)+2B(V n

µ)C (V n
µ)
)
+ r2 (1− r2)

k (C2 (V n
µ)+2A(V n

µ)B(V n
µ)
)

+ r3 (1− r3)
k (B2 (V n

µ)+2A(V n
µ)C (V n

µ)
)
,

(10)

with the following system of equations:

x′ = A(Gr1)x2 +A
(
Gr3

)
y2 +A(Gr2)z2 +2A(Gr2)xy+2A

(
Gr3

)
xz+2A(Gr1)yz,

y′ = B(Gr1)x2 +B
(
Gr3

)
y2 +B(Gr2)z2 +2B(Gr2)xy+2B

(
Gr3

)
xz+2B(Gr1)yz,

z′ = C (Gr1)x2 +C
(
Gr3

)
y2 +C (Gr2)z2 +2C (Gr2)xy+2C

(
Gr3

)
xz+2C (Gr1)yz,

(11)

to represent A(V n+1µ) , B(V n+1µ), and C(V n+1µ), respectively with x > 0, y > 0, z > 0, and x+ y+ z = 1.

SIMULATION

To compare the four models discussed, we provide the following example. Consider the transition matrix used for
both the DeGroot model and the QSO models as follows:

a11 a12 a13
a21 a22 a23
a31 a32 a33

=

0.2 0.6 0.2
0.5 0.15 0.35
0.3 0.25 0.45

 (12)

We run three simulations with three different sets of initial values for the DeGroot model, QSOs model, DSQOs
model, and Geometric QSO model as shown in Table 1, Table 2, and Table 3. We refer to the operator in Eq. (9) for
the simulations of the DSQO model. Meanwhile, for the Geometric QSO model, one may apply the operator in Eq.
(11) with parameters r1, r2, and r3. Note that the values of r1, r2, and r3 in these simulations are chosen based on their
potential to converge closely to the simplex center.

TABLE 1. Iteration number to achieve convergence with (x0,y0,z0) = (0.5,0.3,0.2)

Fixed point of the convergence
Consensus model x y z Number of iterations

DeGroot 0.333333 0.333333 0.333333 13
QSO 0.333333 0.333333 0.333333 3

DSQO 0.333333 0.333333 0.333333 4
Geometric QSO a 0.333934 0.333333 0.333273 2

a r1 = 0.9991, r2 = 0.9973, and r3 = 0.9982.

One may notice that the Geometric QSO has an upper hand over all three other models, where it converges towards
a fixed point with not more than three iterations for all three simulations. However, it was observed that the nonlinear
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TABLE 2. Iteration number to achieve convergence with (x0,y0,z0) = (0.125,0.75,0.125)

Fixed point of the convergence
Consensus model x y z Number of iterations

DeGroot 0.333333 0.333333 0.333333 15
QSO 0.333333 0.333333 0.333333 4

DSQO 0.333333 0.333333 0.333333 6
Geometric QSO a 0.33418 0.333332 0.332489 3

a r1 = 0.9989, r2 = 0.9995, and r3 = 0.9940.

TABLE 3. Iteration number to achieve convergence with (x0,y0,z0) = (0.25,0.15,0.6)

Fixed point of the convergence
Consensus model x y z Number of iterations

DeGroot 0.333333 0.333333 0.333333 14
QSO 0.333333 0.333333 0.333333 3

DSQO 0.333333 0.333333 0.333333 5
Geometric QSO a 0.333868 0.333333 0.332799 2

a r1 = 0.9999, r2 = 0.9965, and r3 = 0.9988.

models, including QSOs, DSQOs, and the Geometric QSO, achieve convergence more rapidly than the DeGroot linear
model in scenarios involving both stochastic and doubly stochastic matrices.

The results indicate that achieving nonlinear consensus convergence using QSOs involves a more complex function
and requires a greater number of polynomial coefficients compared to the Geometric QSO model. Specifically, for a
system with three agents denoted as x, y, and z, the QSO approach necessitates calculating nine polynomial coefficients
for each agent. In contrast, the proposed Geometric QSO model, as defined in Eq. (11), requires only three polynomial
coefficients per agent, which are A(Gri), B(Gri), and C (Gri) for i = 1,2,3. This leads to more computational time to
reach consensus convergence in QSOs compared to the proposed model.

Even though the number of polynomial coefficient in DSQOs is smaller than in Geometric QSO, one can observe
the iteration number to achieve the consensus convergence for both models, where the Geometric QSO nonlinear
model with three parameters relatively converges faster than the DSQOs nonlinear model.

The Geometric QSO model demonstrates a notable advantage in its rapid convergence to a fixed point compared to
other consensus models. This faster stabilization can be critical in time-sensitive applications, making the model par-
ticularly attractive. Although the Geometric QSO does not converge exactly to the center, as achieved by the DeGroot,
QSO, and DSQO models, the deviation is negligible in most practical scenarios and does not compromise the utility of
the model in solving consensus problems. Moreover, the Geometric QSO requires fewer polynomial coefficients than
traditional QSO models, simplifying computations and enhancing efficiency. This trade-off between minor deviations
in the fixed point and significantly faster convergence highlights the model’s potential for applications demanding
both speed and computational simplicity. Future studies could explore hybrid methods or refinements to align the
fixed point more closely with the center while preserving the model’s efficiency.

CONCLUSION

This study introduces an alternative mathematical model for addressing the consensus problem in MAS through the
construction of a Geometric QSO nonlinear model. A thorough theoretical analysis was conducted, followed by a
comparative evaluation against three established consensus models: the DeGroot model, QSO model, and DSQO
model. The findings reveal that the Geometric QSO model achieves faster convergence than the other models, despite
its relatively complex form. However, a notable downside of the Geometric QSO model is that it does not converge
exactly to the center, as achieved by the other models. Instead, it converges to a fixed point very close to the center,
which is typically sufficient for practical applications. Additionally, the model requires only three parameter values
for its probability measure Pi j,k, simplifying its implementation compared to traditional QSO models. This research
contributes significantly to advancing the application of QSO theory, addressing one of the most intricate challenges in
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nonlinear operator theory, and opens pathways for refining the model to balance its convergence speed with improved
accuracy.
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