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Abstract

Breast cancer treatment optimization is hindered by heterogeneity, resistance devel-
opment, and differences among individuals. Most of the existing traditional mathemat-
ical models generally do not consider memory effects in biological systems. This may
somewhat limit their predictive capability. Therefore, this study develops a fractional-
order computational framework to capture tumor dynamics, immune responses,
resistance mechanisms, and effects of thermal therapy regarding memory effects
concerning their significance to treatment predictions. We considered the values of
fractional order parameter («) which varied from 0.75 to 1.0 across five treatment
protocols, and the analysis also included four patient populations. Efficacy was highest
(32.26) with Continuous protocols at « = 0.75. Specifically-optimized, patient-specific
input yielded context-dependent patterns: Younger patients realized the maximum
benefit (32.38) with Continuous therapy at « = 0.80, while compromised patients had
an optimum response (32.36) to Adaptive treatment performed at o = 0.75. For older
patients, the better result (31.82) was achieved using Continuous protocols at « =
0.93. Parameter sensitivity analyses show that immune cytotoxic killing rate is the
most effective parameter. In addition, treatment resistance parameters are among the
five most sensitive. While aggregate differences between fractional-order and
integer-order models remain small, context-specific improvements witnessed in certain
patient-protocol combinations were as much as 3.68%. Fractional-order modeling thus
creates a framework for investigating memory effects in cancer treatment, while actual
clinical validation must establish whether such theoretical improvements indeed create
a discernible increase in predictive accuracy in practice.
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Introduction

Cancer remains one of the most challenging medical issues in humanity with
approximately 19.3 million new cases and nearly 10 million deaths around

the world, according to estimates in 2020 [1]. Apart from the many treatment
approaches that have advanced over the years, developing resistance and
recurrence of disease have been impediments to long-term success. Mathematic
modeling of cancer dynamics has emerged as a reliable tool in understanding
tumor behavior, providing valuable predictions for treatment outcomes, and
finding optimal therapeutic strategies [2,3]. Classic cancer modeling makes use
of ordinary differential equations and, thus, assumes that the current state of the
system depends only on its immediate past state [4]. However, biological systems
may undergo “memory effects,” where present states reflect past states and, to

a degree, predict future evolution. Such memory effects could involve epigenetic
modifications that remain intact even after daughter cell divisions [5], adapting the
new environment by modifying the tumor ecosystem on a permanent basis [6],
and priming the immune system in a way to influence the future immune response
[7]. Fractional calculus provides a mathematical formulation to introduce these
memory effects by extending the definition of derivatives to the non-

integer order [8]. A fractional-order derivative of order o (where 0 <a < 1)
describes the weighted average of the function’s entire history, with the more
recent states receiving greater weight [9]. In cancer modeling, the fractional order
« acts as a parameter quantifying the strength of memory effects present in the
biological system, with lower a values indicating stronger dependency upon
history. Fractional-order calculus have hitherto been implemented in a variety of
biological systems, while their application to extensive cancer models inclusive

of cellular heterogeneity, immune interactions, microenvironmental factors, and
treatment impacts is still rare. Different « values would provide various memory
strengths that probably affect predicted treatment outcomes and ideal treatment
strategies in such a way that none of the reports or literature has examined so
far. Our study aims to address the existing gap by providing a fractional-order
mathematical model, accounting for the dynamics of cancer considering cellular
heterogeneity, immune interactions, microenvironmental aspects, and treatment.
Memory effects on treatment outcomes for various patient profiles and treatment
protocols were explored by varying the fractional order parameter o systemati-
cally over a range of values (0.75, 0.8, 0.85, 0.9, 0.93, 0.95, 1.0). This study aims
to quantify the effect of memory on the treatment efficacy to be able to present
how the optimal treatment protocol changes with fractional order, establish patient
variability with respect to fractional order sensitivity, assess the hyperthermia
effect for different fractional orders, and provide a comparison of fractional-order
models with conventional integer-order model predictions. By providing insight
into how historical states influence current and future treatment responses, our
findings may help explain observed patterns in treatment response and resistance
development, and ultimately guide the development of more effective therapeutic
strategies.
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Literature review

Mathematical modeling of cancer is becoming increasingly important in cancer research, as providing insights into tumor
dynamics that would be extremely difficult to gain using experimental approaches within the same time frame [10]. The
study by [11] utilized a Kolmogorov theeory-based machine learning model for studying Breast Cancer. The models range
across scale from molecular modeling of signaling networks through tumor-host interactions [12] and the modeling of
glioma growth patterns [13] and whole-body pharmacokinetics [14]. In the past, the models of cancer mostly described
the exponential growth or sometimes, the Gompertzian growth patterns [15]. [16] makes quantum pressure as the subject
of study in the cancer model. Over the years, several wonderful developments in cancer modeling received expression

in new cellular automatin and agent-based models, which represent the spatial heterogeneity and cell-cell interaction in
detail [17]. The evolutionary game theory has illuminated the mechanisms of cellular and treatment resistance [18]. Under
discrete cellular representations coupled with continuous descriptions of microenvironmental factors, hybrid models have
demonstrably improved realism [19]. Multiscale models linking the molecular, cellular, and tissue scales have linked bio-
logical mechanisms to clinically observable outcomes and related observations [20,21]. Modeling treatment response and
resistance has been a central topic of interest in mathematical oncology, with early work by Norton and Simon [22] show-
ing how mathematical models could guide treatment design and the clear-cut indication of pre-existing versus acquired
resistance in terms of selection for pre-existing resistant cells versus those induced during a treatment [23,24]. With
respect to the modeling and theoretical applications of cancer chemotherapy, Optimal Control Theory concerned itself
with the identification of theoretically optimal treatment schedules balancing tumor reduction against toxicity and risk for
developing resistance [25,26]. Metronomic therapy models focus on the mechanisms whereby lower-dose more-frequent
administration may overcome resistance by alternative means [27,28]. Adaptive approaches have also been modeled to
investigate how dynamic response-guided dosing may maintain long-term control by exploiting competition between sen-
sitive and resistant cells [29,30]. However, these models do not typically include memory effects in response to treatment
so that it may be limited in its ability to represent phenomena like re-sensitization to previously used treatments after [31]
or of treatment sequencing on the outcome [32]. Fractional calculus extends the concept of derivatives to non-integer
orders. It thus allows the mathematical representation of memory effects where a current state of a system depends on
the whole past rather than just the immediate last state [8,9]. Increasingly, this Approach has application in diverse bio-
logical systems that demonstrate memory effects, such as rheological phenomena developing in biological tissues, which
are modeled in fractional-order mechanics that account for time-dependent responses [33]. Fractional-order models have
been entertained to describe neural systems taking into account geospatially diffuse electrical activity and memory effects
in neural tissues [34]. The fractional-order representation of pharmacokinetics and pharmacodynamics has been inte-
grated to better define the aspects of non-exponential absorption, distribution, and elimination events [35]. Gene regula-
tory networks have been modeled with fractional-order dynamics to capture the history-dependent nature of gene
expression [36].

Recent advancements in fractional-order modeling have quantitatively extended its scope across complex biological and
epidemiological systems. Indeed, studies have already validated the efficacy of this approach in capturing memory-
dependent transmission dynamics [37], considering delay and behavioral feedback effects [38], implementing fractional-
order dynamics combined with deep neural networks for improving prediction performance [39], and optimal control
principles concerned with memory effects [40]. The proposed present work benefits from evident past works on
fractional-order dynamics, demonstrating some consensus on the application of fractional-order dynamics in optimizing
cancer treatment. While some biological systems have been modeled using fractional calculus, the field of cancer modeling
is relatively new in this direction, with specific reference to contributions such as fractional-order tumor growth models that
replicate growth after their non-exponential behaviors observed in real tumors [41]. These models include fractional-order
pharmacokinetic models of cancer drugs that could incorporate characteristics of anomalous diffusion processes and non-
exponential elimination [42], models of treatment responses linked with memory effects in tumor shrinkage and regrowth
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patterns [43,44], and immune effect models comprised of fractional-order dynamics to indicate immune priming effects that
are possibly persistent in an organism’s life [45]. Most of the advances render distinct limitations in current cancer modeling
that provide avenues for developmental opportunities: limited incorporation of memory effects, incompleteness concern-
ing biological representation, the lack of systematic investigations of fractional orders, inadequate consideration of patient
heterogeneity, and computational obstacles in the numerical solution of fractional-order systems involving multiple variables
and complex interactions [46]. The latest changes offer new opportunities in fractional-order cancer modeling: improved
numerical methods for solving fractional-order differential equations that bring more computational efficiency and stability
[46,47]; increasing experimental evidence of memory effects in cancer biology such as epigenetic persistence [5], microen-
vironment remodeling [6], and immune memory [7]; the growing interest in the clinics for adaptive therapy approaches that
intrinsically consider evolving tumor dynamics [29,30]; and improved computational resources allowing for more complex
simulations across multiple parameter sets. That is a kind of progress in fractional order cancer modeling whereby a more
comprehensive model is presented, which integrates several biological processes, thoroughly studies different memory
strengths, and investigates the effects of memory on the optimal treatment strategy for different patient profiles.

Materials and methods
Fractional calculus fundamentals

Biological systems, especially cancer development, show memory effects because their current behavior depends on their
former states according to research by Payne [48] and colleagues in 2010. Fractional calculus provides a mathematical
framework to incorporate these memory effects through non-integer order derivatives. The Caputo fractional derivative of
order « with the interval 0 < o < 1 describes the fractional derivative for the function f(f).

t
1 f(r) dr

PO rq=a) Jy e )

where I' is the gamma function. This formulation provides several advantages over the Riemann-Liouville definition, par-
ticularly in its handling of initial conditions [8].
In our implementation, we incorporate the fractional-order effect via a time-dependent scaling factor applied to the
entire system of differential equations:
dy _

E - f(t’y' 9) : ’Y(t’ Ol)

where ~(t, «) is defined as:

(t.oy = 001 (1+(1=0) -min(t=", 100)), if >0
nha= 1.0, otherwise 3)

The method enables us to examine how different memory strengths affect system behavior through the single parame-
ter adjustment of «. Values that are near 1 demonstrate weaker memory effects that almost reach the classical integer-
order case. Smaller values demonstrate stronger historical influence that extends back in time.

State variables and core components

Our model includes 15 state variables which track the intricate relationships between different cell populations and their
surrounding environment and the impacts of medical treatments. The state vector is defined as:
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¥ =[N1, N2, I1, 12, P,A, Q,R1, Rz, S, D, Dm, G, M, H]" ()

where:

* N,: Sensitive cancer cell population

N,: Partially resistant cancer cell population
* 1,: Cytotoxic immune cell population

* 1,: Regulatory immune cell population

* P: Metastatic potential

« A: Angiogenesis factor

* Q: Quiescent cancer cell population

* R,: Type 1 resistant cancer cell population
* R,: Type 2 resistant cancer cell population
« S: Senescent cancer cell population

» D: Drug concentration

* D_: Metabolized drug

* G: Genetic stability

M: Metabolism status
* H: Hypoxia level

The complete collection of variables enables us to capture the diverse behaviors of cancer cell populations together
with their interactions with immune system components and the various environmental conditions that affect treatment
outcomes and resistance development.

Tumor growth and carrying capacity

The growth dynamics of cancer cell populations incorporate logistic growth with a shared carrying capacity, metabolic
effects, and acidosis impacts:

total_tumor = N; + N, + Q+ R + R, + S (5)
carrying_capacity_factor = max(0, 1 — total_tumor/K) (6)
growth_factor = carrying_capacity_factor - (1 + 0.2 - M) (7)
acidosis_effect = 1.0 + acidosis_factor - M - (total_tumor/K) (8)

The growth of each cell population is then modeled as:
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growth_factor

growthy, = Ar - Ny - acidosis_effect (9)

iy

growth_factor

h = Ny =— =
growthy, = A2 acidosis_effect (10)

N

growth_factor

growthg, = A1 - Ry - acidosis_effect (11)

growth_factor

h = Ry = =
growthg, = Arz - R acidosis_effect (12)

The equation shows how metabolic changes increase growth potential by using the term 1 + 0.2 - M while the equation
shows how acidosis from metabolic changes and high cell density decreases growth.

Immune system dynamics

The immune system component models both cytotoxic (/,) and regulatory (/,) immune cells, capturing their complex
interactions:

1.0
1+ 0.5 - hypoxia_factor (13)

immune_Kill_factor =

immune_Kkill_factor
1+0.01 - total_tumor (14)

immune_Killy, = 81 - Ny - I -

0.5 - immune_kill_factor

. Killr, = N> - |-
Immune_Kiliy, B’l 2N 1+ 0.01 - total_tumor (15)

immune_resist_factor; - immune_Kkill_factor
1+0.01 - total_tumor (16)

immune_Killg, =81 -Rq - I1 -

. . immune_resist_factor, - immune_kill_factor
|mmune_k|IIR2 = ﬁ1 . R2 . /1 .

1+0.01 - total_tumor 17)
Immune cell production and regulation:
. total_tumor
= + . —
immune_prod;, = 61+ ¢2 - 376501 - total_tumor (18)
. . Il
immune_suppression;, = f3; - 1+

l (19)

PLOS One | https://doi.org/10.1371/journal.pone.0347160 May 14, 2026 6/36




PLO\Sﬁ\\.- One

total_tumor

immune_prod,, = ¢3 - 1+0.01 - total_tumor

This formulation accounts for several key immunological processes:
» Reduced immune efficacy in hypoxic environments (immune_kill_factor)

. . . 1
* Saturation of immune response at high tumor burdens (15557 7@ wmor)

R,)

» Tumor-induced recruitment of both cytotoxic and regulatory immune cells

Regulatory immune suppression of cytotoxic immune activity

Resistance development dynamics

Resistance development is influenced by treatment exposure and genetic instability:

therapy_effect = ng - ug +ny - Uy + ne - Uc

(20)

Differential sensitivity of cell populations to immune killing (partial resistance for N,, specific resistance factors for R, and

(21)
resistance_dev_factor = (1 + (1 - G)) (22)
resistance_devg, = max(wr1 - therapy_effect - Ny - resistance_dev_factor, 0.0) (23)
resistance_devg, = max(wre - therapy_effect - N - resistance_dev_factor, 0.0) (24)
This formulation captures:
» Treatment-induced selection pressure as a driver of resistance
« Enhanced resistance development under genetic instability
» Multiple resistance mechanisms (two distinct resistant populations)
» Resistance development proportional to sensitive cell population
Quiescence and senescence
The model incorporates cellular quiescence (temporary growth arrest) and senescence (permanent growth arrest):
quiescence_factor = 1.0 + 0.5 - hypoxia_factor (25)
quiescence_inductiony, = rq - Ny - quiescence_factor (26)
quiescence_inductiony, = rq - N2 - quiescence_factor 27)
PLOS One | https://doi.org/10.1371/journal.pone.0347160 May 14, 2026 7136
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Q

quiescence_reactivation = A\q - —
quiescence_factor

senescence_induction = kg - therapy_effect- Ny - (1+0.3 - (1-G))

These dynamics represent:
» Hypoxia-induced quiescence (survival mechanism in adverse conditions)
* Reduced reactivation of quiescent cells under hypoxia

» Treatment-induced senescence (terminal growth arrest)

Tumor microenvironment
The microenvironmental components include hypoxia, angiogenesis, and metabolic adaptation:

max(0, (total_tumor/K) — hypoxia_threshold)

hypoxia_factor = 1 —hypoxia_threshold

hypoxia_effect = 1.0 + hypoxia_factor - %

metabolic_shift = M - hypoxia_factor - metabolic_switch_rate

This formulation represents:
» Size-dependent hypoxia development (larger tumors become hypoxic)
* Angiogenesis as a partial mitigator of hypoxia

* Hypoxia-induced metabolic adaptation (shift to glycolysis)

Genetic stability dynamics

Genetic stability evolves based on treatment exposure and hypoxic stress:

genetic_damage_rate = mutation_rate - genetic_instability
- (1 + therapy_effect + 0.5 - hypoxia_factor)

This represents:
» Treatment-induced genetic damage (mutagenic effects)
» Hypoxia-induced genetic damage (replication stress)

» Slow recovery of genetic stability

Multiplicative effects of multiple stressors

(28)

(29)

(30)

(31)

(32)

(33)
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Pharmacokinetics and pharmacodynamics

The model incorporates drug pharmacokinetics and pharmacodynamics:

dD
— = Z drug_pharmacokinetics(t, schedule, ) — elimination_rate - D
drug_type (34)
dDp
s elimination_rate - D (35)
where:
drug_pharmacokinetics = absorption_rate - effective_dose — adjusted_elimination (36)
adjusted_elimination = elimination_rate - liver_function - kidney_function (37)
effective_dose = current_dose - bioavailability (38)
Drug effect is calculated using the Hill equation:
. hill
effect = max_effect - iﬁncentratlon ——i
ec50™ + concentration™ (39)
This PK/PD formulation includes:
 Patient-specific drug absorption and elimination
« Organ function impacts on drug metabolism
* Non-linear dose-response relationship
Circadian effects
The model incorporates circadian variations in biological processes:
circadian_factor = 1.0 + amplitude - sin(2x - ({/period — phase)) (40)
When circadian effects are enabled, key parameters are modulated:
A1 — \q - circadian_factor (41)
A2 — Ao - circadian_factor (42)
d; — 0y - circadian_factor (43)
PLOS One | https://doi.org/10.1371/journal.pone.0347160 May 14, 2026 9/36
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B1 — p1 - circadian_factor

(44)
Complete system of differential equations
The following differential equations give the complete system:
N.
% = growthy, —immune_killy, - immuno_boost
—therapy_effect - Ny — quiescence_induction,,
—resistance_devg, —resistance_devg, — senescence_induction, (45)
N2 ~ growthy, —i Killy, - i boost—0.5 - th ffect - .
gt = growth,, —immune_Kkilly, - immuno_boost - 0.5 - therapy_effect - N,
—quiescence_induction,,, (46)
aly _. 4 —i . P
o immune_prod,, —immune_suppression; —4; - I
+0.1-u- Iy, (47)
dly _.
i |mmune_prod,2 —0;-1—=0.1-u; -1, (48)
P _ ~ - total_tumor (1 + 0.5 - hypoxia_factor) — dp - P,
at B - (49)
dA _ N total_tumor S5a- A
dt A1+0.01 total_tumor A" (50)
aQ _ . inducti + qui inducti
o quiescence_induction,, + quiescence_induction,,
— quiescence_reactivation, (51)
IR _ resist devg, + growthe, —i Killg, - i boost
e resistance_devg, + growthg, —immune_killg, - immuno_boost, (52)
IRz - resi devg, + hg, —i killg, - i b
e resistance_devg, + growthg, —immune_killg, - immuno_boost, (53)
§ = senescence_induction —ds - S,
dt (54)
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D
d—= Z drug_pharmacokinetics(t,schedule,9)—elimination_rate-D,

t drug_type (55)

D _ elimination_rate - D,
dt (96)

a6 = —genetic_damage_rate - G+ 0.001 - (1 - G),

dt (57)
M _ metabolic_shift— 0.05 - M,
dt (58)
dH = 0.1 - hypoxia_factor—0.1-A-H
dt (59)
The entire system is then scaled by the fractional-order factor (¢, ) to incorporate memory effects:
dy
— =1f(t,y, 0) - (¢t
i = ty.6) -7t ) (©0)

Computational methods

The modeling of cancer in fractional order prompts several computational difficulties, such as highly nonlinear coupling, possible
stiffness, and memory effects due to the fractional order. We have set up a solid numerical framework to tackle these issues.

Numerical solution framework

The custom implementation we developed for numerical integration uses the adaptive step size ODE solver from SciPy’s
solve 1ivp function as its base solution method. Our implementation through safe solve ivp employs several fail-
safes to guarantee reliability in the solutions provided. The solver uses multiple numerical methods, including RK45 and
BDF and Radau and DOP853, to achieve a successful solution while working through different tolerance levels. The sys-
tem uses a dummy result as a protective measure to avoid simulation crashes when all other methods fail. State variables
of biological systems are inherently required to be nonnegative. To maintain the simulation constraint, we implemented a
floor threshold mechanism to handle this requirement.

y = max(y, 1e —6) (61)

This restriction applies at every time step when derivatives are calculated to ensure that all concentrations and popula-
tions remain physically meaningful.

Treatment protocol implementation

The specialized functions were created to model complex treatment schedules through their implementation of specific
dosing strategies. The cyclic treatment schedules required implementation of two regular on/off periods which we per-
formed through our operational system.
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create_cyclic_dosing_schedule(treatment_days, rest_days, dose, start_day) (62)

This function returns a time-dependent dosing pattern:

dose_amount, if (f—start_day) mod (treatment_days + rest_days)
Dose(t) = < treatment_days
0, otherwise (63)

For adaptive treatment schedules that respond to tumor dynamics, we developed create adaptive dosing
schedule (monitoring period, target ratio, max dose, min dose, start day).
This implements a response-based adjustment algorithm:

adjusted dose, if tumor response is relative to target,

Dose(t, current tumor burden) = {C rent dose. . otherwise
u , ise.

(64)

If the tumor burden increases rapidly, it will increase the dose; if the tumor burden decreases rapidly, the dose will be
decreased; otherwise, the current dose will be maintained. The create_patient_profile() function allows for patient-specific
simulations, in which each profile type corresponds to certain parameter modifications representative of the biological
characteristics of the different populations of patients. They may include age-related changes in immune function, meta-
bolic differences, organ functional variations, and baseline differences in genetic stability.

Performance optimization and analysis

The complexity involved in the computations imposed a few performance optimizations that included vectorized operation
using NumPy, default retrieval of parameters for robust calls of function, some structured conditional logic to minimize any
redundant calculations, and an intelligent fallback system in case the numerical solver fails.

We implemented parallelization via the run comparative analysis(patient profiles, treatment pro-
tocols, simulation days=500) function for comparative analyses among multiple parameter configurations. In
creating and assessing treatment protocols through create treatment protocol (protocol name, patient
profile) encapsulating various drug scheduling, temperature modulation, and patient-specific adjustments into highly
individualized treatment strategies.

The time-series plots, comparative metrics, treatment-efficacy heat maps, and detailed protocol-specific analyses gen-
erated by the dedicated visualization framework work through create visualizations (results, output dir,
include patient comparisons).

To evaluate treatment outcomes, we implemented key metrics:

percent_reduction = 100 - (1 —final_burden/initial_burden) (65)
resistance_fraction = (R + Ry)/total_tumor - 100 (66)
treatment_efficacy = percent_reduction/(1 + resistance_fraction/100) (67)

This single scoring scales the efficacy of treatment by measuring tumor response versus resistance development.
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Experimental design
Fractional-order parameter variation

The main focus of our study lies in studying how the fractional-order memory effect parameter o impacts

both cancer progression and treatment results. We changed the value of « across the entire range of

a € {0.75,0.80,0.85,0.90,0.93, 0.95, 1.00} through systematic testing. We used this method to demonstrate how strong
memory effects exist at « = 0.75 and vanish at « = 1.0 which corresponds to the standard integer-order memory model.
The value of alpha 0.93 was added to the study because some scientific literature about biological systems uses this
value to demonstrate standard memory characteristics. The simulations were conducted for all patient profiles and treat-
ment protocols at each alpha value to enable researchers to study how memory strength affects patient outcomes.

Patient profiles

To account for treatment response variations across a diverse patient population, we created four unique patient profiles:
» Average: Baseline parameter values representing a typical patient

* Young: Enhanced immune function, improved metabolic clearance, and better genetic stability

» Elderly: Reduced immune function, slower drug clearance, higher mutation rates

« Compromised: Significantly reduced immune function, decreased liver/kidney function, elevated genetic instability

A profile is implemented within a precise set of parameter adjustments, as described in the Table 1.

Treatment protocols

We have studied five distinct protocols to treat breast cancer, each of them suggesting new therapeutic strategies.

« Standard: Cyclic hormone/HER2 therapy (14 days on, 7 days off)

» Continuous: Continuous administration of hormone/HER2 therapy without breaks

» Adaptive: Dose-adjusted hormone/HER2 therapy based on tumor response

* Immuno_Combo: Combined chemotherapy (7 days on, 14 days off) and immunotherapy (2 days on, 19 days off)
» Hyperthermia: Standard hormone/HER2 therapy combined with periodic hyperthermia

The detailed parameters for each protocol are provided in Table 2.

Simulation setup

We conducted simulations for all possible combinations of fractional-order parameter («), patient profile, and treatment
protocol by using the following parameters:

« Simulation duration: 500

- Initial conditions: N, =190, N,=10, /=40, [,=10, P=0.1, A=1, Q=0.1, R,=1.0, R,=1.0, $=0.1, D=0.0, D_=0.0,
G=1.0, M=1.0, H=0.0

» Time points: Daily sampling (501 points per simulation)
+ Circadian effects: Enabled

A total of 140 simulations were performed (6 « values x 4 patient profiles x 5 treatment programs).
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Table 1. Patient profile parameter modifications.

Patient Profiles

Parameter Average Young Elderly Compromised
age_factor 1.0 1.2 0.8 0.8
performance_status 1.0 1.2 0.8 0.7
immune_status 1.0 1.3 0.7 0.6
liver_function 1.0 1.1 0.9 0.7
kidney_function 1.0 1.1 0.85 0.7
mutation_rate 0.0001 0.00008 0.00015 0.00015
genetic_instability 1.0 1.0 1.0 1.2
https://doi.org/10.1371/journal.pone.0347160.t001

Table 2. Treatment protocol specifications.

Treatment Protocols

Protocol Drug Types Schedule Dose Special Features
Standard Hormone, HER2 14d on, 7d off 0.8 -

Continuous Hormone, HER2 Continuous 0.8 -

Adaptive Hormone, HER2 Variable 0.6-0.9 Response-based adjustment
Immuno_Combo Chemo, Immuno 7d on/14d off (Chemo) 0.6 (Chemo) Multi-drug combination

2d on/19d off (Immuno)

0.7 (Immuno)

Hyperthermia

Hormone, HER2

14d on, 7d off

0.7

Temperature: 38.5°C

for 2 days every 21 days

https://doi.org/10.137 1/journal.pone.0347160.t002

Output metrics and evaluation framework

We evaluated treatment outcomes using several key metrics:

» Tumor reduction: Percentage reduction in total tumor burden from initial to final state

» Resistance fraction: Percentage of resistant cells in the final tumor population

« Efficacy score: Composite metric combining tumor reduction and resistance control

For comprehensive evaluation, we also examined:

Best protocol ranking: Overall effectiveness of each protocol across patient profiles

Patient-specific observations: Notable response patterns for specific patient profiles

* Protocol effectiveness ranking: Ordered list of protocols by average efficacy

Comparative analysis framework

A comparative study was set up for the analysis of characteristic of the fractional dynamics under the various situations:

» Cross-alpha comparison: Direct comparison of the same protocol/patient combination across different « values

* Protocol comparison: For each a and patient profile, comparison of all treatment protocols

» Patient profile sensitivity: For each « and protocol, comparison across patient profiles

* Resistance development patterns: Analysis of resistance emergence timing and rate across « values

PLOS One | https://doi.org/10.1371/journal.pone.0347160 May 14, 2026
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Simulation process
The simulation process followed a structured pipeline:
1. Parameter initialization for specific «, patient profile, and protocol
2. Simulation execution with robust solver approach
3. Calculation of output metrics
4. Generation of summary statistics
5. Visual representation of results
6. Comparative analysis across parameter sets
We conducted a detailed sensitivity analysis for every value of alpha to test whether outcome differences could with-

stand minor parameter changes which would prove that memory effects results had permanent validity.

Optimization approach

For each patient profile and « value, we identified the optimal treatment protocol using a multi-objective criterion:

optimal_protocol = arg mtaxlefficacy_score(protocol, patient, «)
protocol

(68)

efficacy_score = percent_reduction/(1 + resistance_fraction/100) (69)

The optimization criterion needs to balance tumor reduction against the development of resistance because this pro-
cess requires us to discover treatment methods which can provide permanent solutions instead of treatment methods
which achieve temporary results but ultimately fail because of resistance.

Parameter classification

There are 58 parameters in the model that govern biological processes, treatment dynamics, pharmacokinetics, etc., as
well as patient-specific characteristics. These parameters have been classified into four categories according to their evi-
dential basis (Tables 3-6).

Table 3. Experimental parameters (n=11).

Model Parameters Used in Experiments

Parameter Category Value Reference

A1 Tumor growth 0.003 ¢ Steel (1977) [49]

A2 Tumor growth 0.002 g1 Norton (1977) [50]

B4 Immune killing 0.005 ¢~ Kuznetsov (1994) [51]
WR1 Resistance development 0.004 Goldie (1979) [52]

WR2 Resistance development 0.003 Goldie (1979) [52]
mutation_rate Genetic 0.0001 Loeb (2011) [62]
metabolic_switch_rate Microenvironment 0.02 4! Semenza (2003) [63]
hypoxia_threshold Microenvironment 0.3 Vaupel (2004) [64]
circadian_amplitude Circadian 0.2 Levi (2007) [53]
circadian_period Circadian 24 h Innominato (2014) [65]
circadian_phase Circadian 0.0 Innominato (2014) [65]

https://doi.org/10.1371/journal.pone.0347160.t003
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Table 4. Clinical parameters (n=21).

Clinical Model Parameters

Parameter Category Value Reference
absorption_rate Pharmacokinetics 0.5d! Jusko (1971) [54]
elimination_rate Pharmacokinetics 0.14d" Jusko (1971) [54]
bioavailability Pharmacokinetics 0.85 Sparreboom (2003) [66]
EC,, Pharmacokinetics 0.3 Holford (1981) [55]
hill_coef Pharmacokinetics 1.5 Holford (1981) [55]
max_drug_effect Pharmacokinetics 1.0 Holford (1981) [55]
distribution_vol Pharmacokinetics 70L Jusko (1971) [54]
ne Treatment efficacy 0.01 Calibrated [57]

H Treatment efficacy 0.01 Calibrated [57]

ne Treatment efficacy 0.01 Calibrated [57]
treatment_cycle_period Treatment schedule 21 days NCCN (2023) [56]
treatment_active_days Treatment schedule 7 days NCCN (2023) [56]
rest_period_days Treatment schedule 14 days NCCN (2023) [56]
treatment_intensity Treatment schedule 1.0 NCCN (2023) [56]
age_factor Demographics 1.0 Hurria (2011) [67]
performance_status Demographics 1.0 Hurria (2011) [67]
bmi_factor Demographics 1.0 Clinical standard
immune_status Patient immune 1.0 Clinical standard
liver_function Organ function 1.0 Clinical standard
kidney_function Organ function 1.0 Clinical standard
prior_treatment_factor Patient history 1.0 Clinical standard

https://doi.org/10.1371/journal.pone.0347160.t004

Experimental parameters (n=11) were derived from direct laboratory measurements: tumor doubling time studies
[49,50], immune cytotoxicity assays [51], mutation frequency measurements [52], and circadian rhythm characteriza-
tion [53].

Clinical parameters (n=21) were obtained from clinical guidelines, pharmacokinetic studies, and therapeutic trials.
Pharmacokinetic parameters reflect standard chemotherapeutic properties [54,55]. Scheduling of the treatment is in
accordance with the NCCN guidelines [56]. The treatment efficacy coefficients were calibrated to reproduce typical clinical
response rates of 30—40% in metastatic breast cancer [57].

Literature-based parameters (n=19) are taken from verified mathematical models. Parameters of immune response
are borrowed from Kuznetsov-de Pillis models [51,58], angiogenesis from the Hahnfeldt model [27], and quiescence/
senescence from dormancy and aging models [59,60].

Hypothetical parameters (n=7) were set with respect to biological plausibility since direct measurements were not
available. Immune resistance factors were 5-10% of baseline immune killing [61]. Protocol-specific resistance modifiers
reflect theoretical expectations about treatment strategy effects [29].

Local sensitivity analysis

For each of the model parameters (total 58; fractional order o was excluded) changes were applied on parameters at
+10% and £20% of their baseline values, thereby giving four perturbed simulations for each parameter. In the interest of
robustness, the effect of each perturbation on model behavior was evaluated across the full range of combinations of four
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Table 5. Literature-based parameters (n=19).

Parameters Adopted from Existing Literature

Parameter Category Value Reference

K Carrying capacity 1000 Anderson (2006) [68]

b1 Immune baseline 0.14d" de Pillis (2005) [58]

b2 Immune recruitment 0.001 de Pillis (2005) [58]

?3 Regulatory immune 0.0003 de Pillis (2005) [58]

B2 Immune suppression 0.001 g1 de Pillis (2005) [58]

0 Immune death 0.04 4" de Pillis (2005) [58]

AR1 Resistant growth 0.006 d-! Gatenby (2009) [29]

Ar2 Resistant growth 0.005 d-! Gatenby (2009) [29]

ot Metastasis rate 0.0001 4! lwata (2000) [69]

op Metastasis death 0.01d™" Benzekry (2014) [70]

aa Angiogenesis stimulation 0.01 Hahnfeldt (1999) [27]

oA Angiogenesis degradation 0.1 4" Hahnfeldt (1999) [27]

KQ Quiescence entry 0.001 d-1 Aguirre-Ghiso (2007) [59]
Aq Quiescence exit 0.0005 d™! Aguirre-Ghiso (2007) [59]
Ks Senescence induction 0.0005 4! Campisi (2013) [60]

ds Senescence clearance 0.005 d-* Campisi (2013) [60]
epigenetic_silencing Epigenetic 0.002 d-1 Sharma (2010) [71]
genetic_instability Genetic 1.0 Loeb (2011) [62]
acidosis_factor Microenvironment 0.01 Gatenby (2004) [72]

https://doi.org/10.1371/journal.pone.0347160.t005

Table 6. Hypothetical parameters (n=7).

Hypothetical Model Parameters

Parameter Category Value Justification

immune_resist_factor1 Immune evasion 0.10 10% of baseline immune killing [61]
immune_resist_factor2 Immune evasion 0.05 5% of baseline immune killing [61]
continuous_resist_dev Resistance modifier 2.0 Rapid resistance under continuous pressure
adaptive_resist_dev Resistance modifier 1.2 Slower resistance with adaptive therapy
immuno_resist_boost Resistance modifier 0.5 Enhanced immune selection pressure
resistance_floor Baseline resistance 0.01 Pre-existing resistant subclones
microenv_stress_factor Microenvironment 1.0 Baseline environmental stress level

https://doi.org/10.1371/journal.pone.0347160.t006

patient profile classes (average, young, elderly, compromised) and five treatment protocols (standard, continuous, adap-
tive, immuno_combo, hyperthermia). In total, therefore, each parameter was assessed in 20 clinical contexts.
The normalized sensitivity coefficient S, for parameter p, was calculated as:

i

- AO/Obaseline
Apilpipaseline

(70)
Where O pertains to the outcome metric (treatment efficacy score, tumor reduction percentage or final resistance frac-
tion, O, ;... IS the baseline outcome, AO = O(p; + Ap;) — Opaseiine IS the outcome change, and Ap; is the parameter
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perturbation. Interpretation: |S;| > 1 means high sensitivity (outcome changes more than parameter), |S;| ~ 1 means mod-
erate sensitivity, while |S;| < 1 means low sensitivity. The sign indicates the direction of correlation.

For every parameter, the highest maximum sensitivity coefficients for absolute value calculated under every level of
perturbation and every clinical context were computed as follows:
Sl

max ;
j€{10%,20%},ke{contexts} (71 )

Si,max =

The notations Sﬁi’k) refer to the sensitivity coefficients at perturbation levels j, in the respective clinical context k. The
parameters were sorted according to the value of S;max. This resulted in a classification into three main classes of param-
eters: critical parameters (|S__ |>1.0), important ones (0.5<|S__ |<1.0) and non-critical ones (|S,__|<0.5).

All simulations were run with the same numerical settings for a 500-day time horizon, with daily evaluation of the oper-
ative design choice and an ordinary differential equations (ODE) solver based on Runge-Kutta methods with 4th and 5th
order adaptive correction (RK45). The relative tolerance was set to 10™* and absolute tolerance to 10~7. Three outcome
metrics were calculated: (1) percentage tumor reduction, (2) final resistance fraction, and (3) composite treatment efficacy
score (tumor reduction divided by (1 +resistance/100)).

Sensitivity coefficients were further collated by categorical parameter (biological, treatment, pharmacokinetic,
patient-specific) and source-type levels (experimental, clinical, literature, hypothetical) for the purpose of determining
which functional groups and evidential categories have the most significant influence.

Exactly 4,640 independent simulation iterations were necessary for the analysis (i.e., 58 parameters x 20 contexts x 4 pertur-
bations). A hierarchical fallback system of solvers (RK45, BDF, Radau) with successive relaxation of tolerance guarantees the
robustness of computation. Only those simulations were retained for analysis which converged satisfactorily (>95%).

max

Results and discussion
Effect of fractional order («) on treatment response

We studied how fractional order parameter («) affects cancer treatment effectiveness by testing seven values between
0.75 and 1.0. The system’s memory effect strength is determined by fractional order values since lower a values show
stronger memory effects while « = 1.0 represents the traditional integer-order system.

Fig 1 shows treatment efficacy scores for all protocols at various fractional order values. The Continuous protocol
demonstrated superior performance with peak efficacy of 32.26 at o = 0.75, while Adaptive protocol showed second-
highest efficacy (31.52) at o = 0.93 with consistent performance (30.58-31.52). The Standard protocol achieved moderate
efficacy through its best performance at 30.65 when tested with an alpha value of 0.75. The Hyperthermia treatment main-
tained consistent results between 29.28 and 29.98, while Immuno_Combo treatment produced the lowest results which
ranged between 24.94 and 25.97, indicating that those treatments require optimization.

Table 7 summarizes optimal treatment protocols for different o values and patient profiles. The best treatment method
for all alpha values between 0.75 and 1.0, which includes 0.75, 0.90, 0.95, and 1.0, stands as continuous therapy while
adaptive therapy demonstrates better results at alpha values 0.80, 0.85, and 0.93.

Fig 2 shows how tumor size reduction rates differ according to different fractional orders of treatment. The Continuous
protocol produced the highest tumor reduction results of 32.76% at alpha 0.75, whereas Standard achieved similar results
with 31.11% reduction at alpha 0.80, and Adaptive maintained its results which ranged from 31.20% to 32.00%. Hyperthermia
delivered consistent results with a reduction range of 30.42% to 31.11% and Immuno_Combo produced a range of moderate
reduction between 25.32% and 26.32%. The patient-specific analysis shows that Continuous therapy provides the greatest
benefit to average patients at alpha 0.75, while young patients benefit from alpha 0.80 (32.38% efficacy) and elderly patients
achieve benefits from alpha 0.93 (31.82% efficacy), whereas Adaptive therapy works best for compromised patients.
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Treatment Efficacy vs Fractional Order Parameter

- Optimal
&
32—
—
31 -
@ ®
=
é 30 - —e
> g
5
S 29+
b2
=
= 28 -
)
£
=
§ 27 -
-
=@®— Standard
26 1 @ o =@— C(Continuous
=@— Adaptive
25 7 =@®— Immuno Combo
=@~ Hyperthermia
24 - [ I I [ I
0.75 0.80 0.85 0.90 0.95 1.00

Fractional Order (o)

Fig 1. Treatment Efficacy Vs Fractional Order Parameter The figure shows the relationship between treatment efficacy and the fractional-
order parameter «.

https://doi.org/10.1371/journal.pone.0347160.9001

Table 7. Optimal treatment protocols for different fractional order values and patient profiles.

Best Treatment Protocol (Values in parentheses indicate efficacy scores)

« Overall Average Young Elderly Compromised

0.75 Continuous Continuous Continuous Adaptive Adaptive
(32.26) (32.26) (32.38) (31.82) (32.36)

0.80 Adaptive Adaptive Continuous Continuous Adaptive
(30.86) (30.86) (32.38) (31.15) (30.86)

0.85 Standard Standard Continuous Continuous Adaptive
(30.19) (30.19) (31.23) (31.15) (30.02)

0.90 Continuous Continuous Continuous Adaptive Continuous
(30.74) (30.74) (30.96) (31.34) (30.13)

0.93 Adaptive Adaptive Continuous Continuous Adaptive
(31.52) (31.52) (31.25) (31.82) (31.52)

0.95 Continuous Continuous Continuous Continuous Adaptive
(31.65) (31.65) (30.92) (30.80) (30.82)

1.0 Continuous Continuous Standard Continuous Adaptive
(31.48) (31.48) (29.95) (31.00) (30.58)

https://doi.org/10.1371/journal.pone.0347160.t007
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Tumor Reduction Efficacy vs Fractional Order Parameter
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Fig 2. Tumor Reduction Efficacy Vs Fractional Order Parameter. The figure illustrates the variation in tumor reduction efficacy with respect to the
fractional-order parameter o under the considered treatment protocols.

https://doi.org/10.1371/journal.pone.0347160.9002

Fig 3 demonstrates how resistance fractions change across different fractional orders. The Immuno_Combo achieved
the least resistance between 1.34 and 1.47 percent although its effectiveness was lower, which indicates that short-term
benefits come with long-term resistance challenges. The Continuous protocol resulted in higher resistance rates which
ranged from 1.51 to 1.53 percent. The Standard and Adaptive systems produced resistance rates that fell between their
respective ranges of 1.48 and 1.55 percent. The Hyperthermia treatment produced resistance effects that ranged from
1.35 to 1.47 percent. The resistance patterns demonstrated only minor reactions to fractional changes which were below
0.2 percent throughout the alpha range. The results demonstrate that memory effects have a greater impact on efficacy
than they do on resistance development.

Protocol ranking across fractional orders

The study assessed the performance of protocols at different fractional orders by studying how efficacy score rankings
changed over time. Fig 4 shows complete ranking information which displays how memory effects lead to different ranking
results. The continuous protocol outperforms all other methods because it achieves first rank at o = 0.75, 0.90, 0.95, and
1.0. The adaptive protocol achieves strong results by winning first place at a = 0.80 and 0.93, while the standard proto-
col only achieves top results at « = 0.85. Hyperthermia shows consistent performance at fourth position with an efficacy
range of 29.28 to 29.98, while Immuno_Combo shows its weakest results at fifth position with an efficacy range of 24.94
to 25.97.
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Resistance Development vs Fractional Order Parameter
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Fig 3. Resistance Development Vs Fractional Order Parameter. The figure depicts the progression of treatment resistance as a function of the
fractional-order parameter o under standardized conditions.

https://doi.org/10.1371/journal.pone.0347160.9003

Table 8 presents detailed ranking analysis revealing essential patterns:

1. Continuous Protocol Dominance: Achieves first rank in four of seven fractional-order values, with peak performance
at « = 0.75 (efficacy =32.26).

2. Adaptive Protocol Consistency: Maintains top-two ranking across all « values, with optimal performance at o = 0.93
(efficacy=31.52).

3. Standard Protocol Stability: Consistently ranks third with moderate efficacy variation (29.30-30.65).

4. Protocol Performance Gaps: Significant efficacy differences exist between top-tier (Continuous, Adaptive, Standard)
and lower-tier protocols (Hyperthermia, Immuno_Combo).

Protocol sensitivity to fractional order parameter

We conducted comprehensive sensitivity analysis to quantify protocol responses to « changes across 0.75 to 1.0. Fig 5
shows the quantitative results which rank sensitivity according to the efficacy measurements that were tested.

High sensitivity protocols: The continuous protocol shows its best performance because it can detect 30.09 to 32.26
(range 2.17 points) while demonstrating extreme performance changes and maximum performance at strong memory
effects (o = 0.75). The adaptive protocol shows its best capacity to detect results because it produces effectiveness results
between 30.02 and 31.52 (range 1.50 points), which leads to its best performance at moderate memory effects (o = 0.93).
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Evolution of Protocol Rankings Across Fractional Order Values
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Fig 4. Evolution of Protocol Rankings Across Fractional Order Values. The figure presents the changes in relative protocol rankings across varying
fractional-order values «, highlighting comparative performance trends.

https://doi.org/10.1371/journal.pone.0347160.9g004

Table 8. Protocol ranking by efficacy scores across fractional order values.

Treatment Protocol Rankings (Values in parentheses indicate efficacy scores)

o 1st Rank 2nd Rank 3rd Rank 4th Rank 5th Rank

0.75 Continuous Adaptive Standard Hyperthermia Immuno_Combo
(32.26) (30.88) (30.65) (29.44) (25.71)

0.80 Adaptive Continuous Standard Hyperthermia Immuno_Combo
(30.86) (30.11) (30.19) (29.98) (25.79)

0.85 Standard Continuous Adaptive Hyperthermia Immuno_Combo
(30.19) (30.09) (30.02) (29.41) (25.97)

0.90 Continuous Standard Adaptive Hyperthermia Immuno_Combo
(30.74) (30.23) (30.13) (29.51) (25.89)

0.93 Adaptive Continuous Standard Hyperthermia Immuno_Combo
(31.52) (30.45) (29.30) (29.70) (25.66)

0.95 Continuous Adaptive Standard Hyperthermia Immuno_Combo
(31.65) (30.82) (30.01) (29.28) (24.94)

1.0 Continuous Adaptive Standard Hyperthermia Immuno_Combo
(31.48) (30.58) (29.95) (29.58) (25.46)

https://doi.org/10.1371/journal.pone.0347160.t008

PLOS One | https://doi.org/10.1371/journal.pone.0347160 May 14, 2026

22 /36



PLO\S\%- One

Protocol Sensitivity Ranking
(Higher Range = More Sensitive)

I
|

High Sensitivity
Threshold

Adaptive2 = 1.50

0.0 0.5 10 15 20 25
Efficacy Range (Sensitivity Measure)

Fig 5. Protocol Sensitivity Ranking. The figure depicts the sensitivity-based ranking of treatment protocols, highlighting their relative responsiveness
to variations in the fractional-order parameter «.

https://doi.org/10.137 1/journal.pone.0347160.9005

Moderate sensitivity protocols: The standard protocol demonstrates moderate sensitivity while achieving an efficacy
range of 29.30 to 30.65 which shows only a slight variation of 1.35 points across different a values used to assess its
performance as a reliable treatment method.

Low sensitivity protocols: The Immuno_Combo system shows restricted detection ability while achieving a success
rate between 24.94 and 25.97, which results in an effectiveness difference of 1.03 points. The hyperthermia treatment
shows its least effective detection ability while achieving success rate between 29.28 and 29.98, which demonstrates its
most consistent performance across different conditions and operates independently of memory features.

Table 9 presents complete sensitivity measurements that include all measurement ranges together with their standard
deviation values and their coefficient of variation results. The treatment method with continuous therapy shows maximum
variability at 2.3 percent whereas Hyperthermia shows minimum variability at 0.8 percent. The variability analysis in Fig 6
provides additional information. The research results show that memory effects create substantial effects on protocol per-
formance which causes modifications in both protocol selection procedures and optimization techniques that researchers
use in fractional-order cancer therapy systems.

Patient-specific responses to fractional order effects

The study examined how patients with different memory capacities measured by fractional order parameter alpha
responded to various memory challenges which demonstrated unique reaction patterns that were crucial for developing
tailored treatment approaches.
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Table 9. Protocol sensitivity metrics to fractional order parameter variations.

Sensitivity Analysis of Treatment Protocols

Protocol Min Efficacy Max Efficacy Range Std Dev CV (%)
Continuous 30.09 32.26 2.17 0.72 2.3
Adaptive 30.02 31.52 1.50 0.56 1.8
Standard 29.30 30.65 1.35 0.43 1.4
Immuno_Combo 24.94 25.97 1.03 0.34 1.4
Hyperthermia 29.28 29.98 0.70 0.25 0.8

https://doi.org/10.1371/journal.pone.0347160.t009
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Fig 6. Protocol Variability Analysis. The figure presents the variability in protocol performance across fractional-order values «, highlighting stability
and dispersion characteristics.

https://doi.org/10.1371/journal.pone.0347160.9006

The patient response to various fractional order changes is shown in Figs 7-9. The compromised patients showed their
highest sensitivity performance range between 30.58 and 32.36 with Adaptive protocols achieving peak performance at a =
0.75 which resulted in an efficacy of 32.36. Young patients demonstrate moderate sensitivity across the range of 29.95 to 32.38
which allows them to achieve optimal results through Continuous therapy at « = 0.80 resulting in an efficacy of 32.38. Elderly
patients show moderate sensitivity with their results ranging from 30.79 to 31.82 but they achieve their best results through Con-
tinuous therapy at o = 0.93 which gives an efficacy of 31.82. Average patients show consistent responses throughout the range
of 29.30 to 32.26 and their best results come from Continuous therapy at o = 0.75 which results in an efficacy of 32.26.

Sensitivity analysis results

The table 10 shows the top 15 parameters which have the highest sensitivity according to their maximum sensitivity
coefficients which were measured across all clinical situations. The immune cytotoxic killing rate 54 showed the greatest
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Fig 7. Patient Specific Sensitivity to Fractional Order Parameter. The figure illustrates patient-specific sensitivity patterns with respect to variations
in the fractional-order parameter «, emphasizing inter-individual response differences.

https://doi.org/10.1371/journal.pone.0347160.9007

sensitivity with a value of S__ =1.025 which demonstrated that a 10% increase would lead to a greater increase in treat-
ment efficacy. The two theoretical parameters which are named adaptive resist dev and continuous resist
dev emerged as the most significant among the top five parameters. This discovery emphasizes the need to validate
these parameters which are specific to each model.

The analysis of source types showed that hypothetical parameters reached their highest average sensitivity of
0.444, which was followed by clinical parameters at 0.395 and experimental parameters at 0.376 and literature-based
parameters at 0.339, which demonstrated the necessity to test hypothetical parameters through empirical methods.
The average sensitivity for treatment resistance parameters reached 0.350, which was the highest among fundamen-
tal parameter categories, while immune system parameters followed at 0.340 and treatment scheduling parameters
reached 0.280.

The analysis which used contextual information revealed that different protocol combinations showed different results
for each patient group. The value of 0.172 for adaptive resist dev standard deviation demonstrated strong depen-
dency on contextual information because it showed high value. The standard deviations of max drug effect and bio-
availability showed that both measures maintained stable sensitivity across all testing environments.

The study results demonstrate how models operate while they define which data collection tasks should be done next.
Researchers should test parameters that show maximum sensitivity together with their theoretical status which includes
the parameters adaptive resist dev and continuous resist dev. The parameters show low sensitivity with
values less than 0.3 which indicates that model predictions will stay consistent when these parameters experience value
uncertainty.
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Fig 8. Patient Population Sensitivity to Memory Effects. The figure depicts the sensitivity of the patient population to memory effects induced by
fractional-order dynamics, highlighting collective response trends across varying parameter values.
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Comparison with integer-order models

The study examined how fractional-order models with an « value less than 1.0 performed compared to their correspond-
ing integer-order model which used a equal to 1.0 through seven different « values which included 0.75, 0.80, 0.85, 0.90,
0.93, 0.95, and 1.0 across 20 different clinical contexts which represented 4 patient profiles and 5 treatment protocols.
The researchers conducted simulations using the same parameters and initial conditions and numerical methods because
they wanted to test the effect of changing « value. The researchers assessed three different outcome metrics which
included tumor reduction percentage and final resistance fraction and composite treatment efficacy score.

Table 11 provides aggregate statistics which compare fractional-order models that include all a < 1.0 values with
integer-order models that use « = 1.0 values. The aggregate differences between the two systems show almost no differ-
ence because fractional-order models achieve 0.22% greater average tumor reduction and treatment success rates while
displaying nearly identical resistance development patterns.

The analysis of patient-protocol combinations show improvement at a specific context although the overall aggregate
differences remain small. Table 12 presents contexts where fractional-order models show the largest differences. The
study found that young patients who received continuous therapy showed 3.68% better treatment results with
fractional-order models because these models more accurately represented their cumulative treatment effects through
memory effects. The study found treatment improvements for elderly patients who received standard therapy which
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Fig 9. Patient Specific Efficacy Distribution Across o Values. The figure presents the distribution of patient-specific treatment efficacy across vary-
ing fractional-order parameter values «, highlighting heterogeneity in therapeutic responses.

https://doi.org/10.1371/journal.pone.0347160.g009

Table 10. Top 15 most sensitive parameters ranked by maximum sensitivity coefficient.

Global Sensitivity Ranking of Model Parameters

Rank Parameter Category Source Max Sensitivity
1 51 Immune Experimental 1.025
2 adaptive_resist_dev Treatment resistance Hypothetical 0.848
3 treatment_cycle_period Treatment scheduling Clinical 0.623
4 continuous_resist_dev Treatment resistance Hypothetical 0.618
5 K Growth Literature 0.592
6 epigenetic_silencing Genetic Literature 0.520
7 treatment_intensity Treatment scheduling Clinical 0.519
8 absorption_rate Pharmacokinetics Clinical 0.504
9 WR1 Resistance Experimental 0.486
10 max_drug_effect Pharmacokinetics Clinical 0.485
11 bioavailability Pharmacokinetics Clinical 0.484
12 elimination_rate Pharmacokinetics Clinical 0.465
13 ds Senescence Literature 0.454
14 performance_status Demographics Clinical 0.435
15 circadian_amplitude Circadian Experimental 0.416

https://doi.org/10.1371/journal.pone.0347160.t010
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Table 11. Aggregate comparison of fractional-order and integer-order models.

Fractional-Order vs Integer-Order Model Performance

Metric Integer-order Fractional-order Difference Difference (%)
(a =1.0) (o <1.0)

Tumor reduction (%) 29.82+2.03 29.89+2.12 +0.07 +0.22%

Final resistance (%) 1.45+0.06 1.46+0.06 +0.003 +0.22%

Efficacy score 29.39+1.98 29.46+2.07 +0.07 +0.22%

https://doi.org/10.1371/journal.pone.0347160.t011

Table 12. Context-specific differences between fractional-order and integer-order models.

Fractional vs Integer-Order Model Comparison by Patient Context

Patient Protocol Integer efficacy Fractional efficacy Difference

Top 5 cases where fractional-order model shows higher efficacy

Young Continuous 30.19 31.30 +3.68%

Elderly Standard 29.25 29.96 +2.43%

Young Hyperthermia 29.59 30.08 +1.67%

Compromised Continuous 30.45 30.79 +1.13%

Compromised Standard 29.94 30.23 +0.96%

Top 5 cases where fractional-order model shows lower efficacy

Elderly Immuno_Combo 25.94 25.37 -2.20%

Average Continuous 31.48 30.88 -1.90%

Young Standard 30.88 30.39 -1.59%

Young Immuno_Combo 25.77 25.48 -1.13%

Compromised Adaptive 31.25 31.15 -0.31%

https://doi.org/10.1371/journal.pone.0347160.t012

resulted in a 2.43% improvement and young patients who received hyperthermia treatment which resulted in a 1.67%
improvement. The study found that fractional-order models predicted lower treatment results for elderly patients who
received immuno_combo therapy at -2.20% and for average patients who received continuous therapy at —1.90%.
Table 13 shows patient comparison results which demonstrate that fractional-order models provide small advantages
to young patients. The fractional-order models provide small advantages to young patients at a rate of 0.52 percent. The
models show no significant benefit for compromised patients. The average patients showed the least benefit from the

models which resulted in a decrease of 0.10 percent.

Table 14 presents protocol-specific comparisons. Fractional-order models show better results with continuous protocols
0.68 percent standard protocols 0.54 percent and hyperthermia protocols 0.54 percent while showing almost no improve-

ment with adaptive protocols 0.01 percent and lower effectiveness with immuno_combo at 0.82 percent loss.

Table 13. Patient-specific comparison of fractional-order and integer-order models.

Fractional vs Integer-Order Model Performance by Patient Profile

Patient profile Integer efficacy Fractional efficacy Difference
Young 29.46 29.61 +0.52%

Elderly 29.20 29.27 +0.27%
Compromised 29.50 29.56 +0.20%
Average 29.41 29.38 -0.10%
https://doi.org/10.1371/journal.pone.0347160.t013
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Table 14. Protocol-specific comparison of fractional-order and integer-order models.

Fractional vs Integer-Order Model Performance by Treatment Protocol

Protocol Integer efficacy Fractional efficacy Difference
Continuous 30.78 30.99 +0.68%
Standard 30.01 30.17 +0.54%
Hyperthermia 29.57 29.73 +0.54%
Adaptive 30.86 30.86 +0.01%
Immuno_Combo 25.74 25.53 -0.82%

https://doi.org/10.1371/journal.pone.0347160.t014

Clinical interpretation of fractional-order effects

The study investigates how fractional order changes lead to different model predictions of treatment results. The study
results exist as computational predictions which researchers obtained through simulation experiments and these
results need validation before they can guide clinical practice.

Table 15 presents average efficacy results which show tumor reduction across different fractional orders based on data
from 140 simulations which used 7 alpha values and 20 protocol and patient combinations. The fractional-order models
match the efficacy predictions of integer-order models at the aggregate level, with efficacy score differences reaching a
range of —0.02 to +0.82 points, which corresponds to a relative difference of less than 3 percent, indicating that
fractional-order effects occur only in specific contexts not in all situations.

The total differences appear small, yet certain patient-protocol pairings demonstrate greater differences. Table 16 pres-
ents selected high-variation cases, which compare integer-order predictions against the best-performing fractional-order
model (the « value producing highest efficacy for that context).

Key Model-Based Observations:

(1) Young Patients + Continuous Protocol: he model predicts the largest improvement with fractional-order modeling
(o = 0.80) which showed a 7.25% increase in efficacy score that reached 32.38 compared to 30.19. The results indi-
cate that memory effects might have special importance for young patients who undergo continuous treatment.

(2) Compromised Patients + Adaptive Protocol: The model predicts a 3.55% increase (32.36 vs 31.25) with optimal
fractional-order modeling (« = 0.75).

(3) Elderly Patients+ Continuous Protocol: The model predicts a 2.65% increase (31.82 vs 31.00) with « = 0.93.
(4) Aggregate Effects: The aggregate results show that positive and negative context-specific differences cancel each

other out resulting in minimal differences that stay below 1 percent across all patients and protocols.

Table 15. Model-predicted efficacy scores by fractional order.

Effect of Fractional Order on Model Performance

« Mean efficacy score Mean tumor reduction (%) Difference from integer-order (%)
0.75 29.63+2.24 30.07+2.29 +0.82

0.80 29.44+2.15 29.87+2.20 +0.18

0.85 29.41+2.09 29.84+2.13 +0.05

0.90 29.46+2.07 29.89+2.11 +0.23

0.93 29.41+£2.07 29.84+2.12 +0.05

0.95 29.39+2.06 29.81+2.10 -0.02

1.00 29.39+1.98 29.82+2.03 — (baseline)

https://doi.org/10.1371/journal.pone.0347160.t015
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Table 16. Context-specific model predictions for selected high-variation cases.

Fractional vs Integer-Order Model Predictions in High-Variation Contexts

Context Best o Integer efficacy Fractional efficacy Difference (%)
Patient—protocol combinations

Young + Continuous 0.80 30.19 32.38 +7.25%
Compromised +Adaptive 0.75 31.25 32.36 +3.55%
Elderly + Continuous 0.93 31.00 31.82 +2.65%
Average + Continuous 0.75 31.48 32.26 +2.48%
Patient-specific (averaged across protocols)

Young 0.75 29.46 29.61 +0.52%
Elderly 0.93 29.20 29.27 +0.27%
Compromised 0.75 29.50 29.56 +0.20%
Average 0.80 29.41 29.38 -0.10%
Protocol-specific (averaged across patients)

Continuous 0.75 30.78 30.99 +0.68%
Standard 0.75 30.00 30.17 +0.54%
Hyperthermia 0.90 29.57 29.73 +0.54%
Adaptive 0.75 30.86 30.86 +0.01%
Immuno_Combo 0.75 25.74 25.53 —-0.82%

https://doi.org/10.1371/journal.pone.0347160.t016

The small overall differences which amount to less than 1 percent and the large differences which exist only in particular

situations between 1 percent and 7.25 percent demonstrate that fractional-order effects depend on the specific situation.
The averaging process across all 20 contexts leads to a situation where positive and negative differences partially cancel
each other out which results in a situation with minimal net difference. The specific contexts show greater differences which
indicate that fractional-order modeling will apply best to particular patient-protocol combinations instead of all cases.

Biological basis for memory effects in tumor-immune dynamics

The system evolution through fractional-order differential equations depends on historical system behavior because these
equations model memory effects. The model includes multiple biological processes which result in memory-dependent
dynamic behavior.

1.

Cellular State Transitions: Quiescent cells enter/exit slowly (kq = 0.001 day™', Aq = 0.0005 day™"), creating per-
sistent dormant populations that retain proliferative potential over extended timescales [59]. Senescent cells persist

(ds = 0.005 day™' clearance), maintaining inflammatory phenotypes which alter microenvironmental behaviors for a
time period between several weeks and several months [60]. Cell populations that demonstrate resistance to treatment
develop over time through genetic mutations (wry = 0.004, wre = 0.003) and natural selection which results in
treatment-resistant phenotypes that last through multiple treatment rounds [29,52].

. Immune System Memory: The continuous presence of antigens leads to T-cell exhaustion which remains in the body

until complete antigen elimination occurs according to research from Wherry in 2011 and Pauken in 2015. T-cell mem-
ory populations maintain their existence throughout time which results in extended immune defense mechanisms that
rely on prior interactions between tumors and the immune system according to Dunn in 2002. The development history
of regulatory T-cells enables them to suppress cytotoxic responses which show an effect size of 8, equals 0.001.

. Epigenetic Modifications: Epigenetic states continue to exist in cells for multiple divisions which create genetic

expression changes that can be passed down but can be reversed based on the different treatment methods used [71].
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The epigenetic rate parameter for our research shows that drug-tolerant persister cell populations develop through
gradual reversible modifications which occur at a rate of 0.002 day which we define as our epigenetic rate parameter.

4. Microenvironmental Conditioning: The combination of hypoxia and acidosis creates permanent conditions which
continue to impact cellular activities for extended time periods according to [64,72]. Persistent Warburg effect states
depend on historical metabolic stress which metabolic reprogramming at a rate of 0.02 day-1 tracks [63]. The process
of angiogenesis develops at a gradual rate of 0.1 day-1 which results in lasting vascularization that shows the tumor’s
previous growth patterns.

5. Pharmacokinetic Memory: The elimination of drugs at a rate of 0.1 per day leads to continuous drug presence
because the body processes drugs but their levels increase over time. The biological rhythm of circadian cycles affects
the body’s growth rate and immune system and drug processing ability which leads to memory effects that vary accord-
ing to time.

Fractional-order differential equations mathematically represent systems where current dynamics depend on weighted
integration over historical states. The fractional derivative uses a power-law memory kernel (t— 7)™ to describe how past
states affect current dynamics through weights which decrease over time. This makes fractional derivatives suitable for
biological processes with long-term memory: power-law kinetics (drug elimination, wound healing) [73,74], distributed time
delays (cell cycle heterogeneity, variable drug absorption), and non-Markovian dynamics (epigenetic memory, immune
memory, persistent microenvironmental conditions).

The memory strength of the fractional order value o shows that memoryless Markovian dynamics exist at the point of o = 1
while all values below 1 lead to stronger memory effects. The range we explore through our testing process of « € [0.75, 1.0]
shows the transition from strong memory at « = 0.75 to standard memoryless dynamics at o = 1.0. We use a time-dependent
scaling factor which we apply to all system derivatives to capture the memory-dependent dynamics of the system.

fractional_factor(t, ) = 0.01 x (1+ (1 —a) x min(t™*, 100)) (72)

The equation uses time variable t and fractional order variable « to present its results. The formulation uses power-law
time dependence through the equation * which describes memory decay across time while its memory strength scales
according to the equation 1 —« and it applies to all biological processes which include tumor growth and immune dynam-
ics and resistance development. The model uses memory effects to impact all compartments in equal measure while the
time-dependent factor produces the specific power-law memory decay pattern that fractional-order systems exhibit. The
memory factor has been restricted within specific bounds to stop any occurrence of numerical overflow. The method cap-
tures critical memory-dependent evolution because system dynamics time progression exhibits power-law decay which
matches fractional-order behavior. The method provides a basic representation of fractional derivatives which require
complete state variable history integration to achieve accurate results. Researchers should use numerical methods for
fractional differential equations to study advanced fractional-order implementations because these methods will show
whether they produce different results than basic methods.

Empirical evidence supports fractional-order modeling in related biological contexts:

(1) Fractional Pharmacokinetics: Drug concentration-time profiles show power-law decay consistent with fractional-
order models [75,76].

(2) Anomalous Diffusion: Cell migration and drug diffusion in tumors exhibit anomalous diffusion characterized by
fractional-order equations [77].

(3) Viscoelastic Tissue Mechanics: Biological tissues exhibit power-law stress-strain relationships accurately modeled
by fractional viscoelasticity [73,74].
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(4) Immune Response Kinetics: Some immunological processes show power-law kinetics in antibody production and
T-cell expansion [78].

(5) Cellular State Transitions: Quiescent and senescent cell populations exhibit slow state transitions with power-law
kinetics [59,60].

(6) Epigenetic Memory: Epigenetic modifications exhibit persistence through multiple cell divisions with power-law decay [71].

Conclusion

This study presents a complete fractional-order computational model which optimizes breast cancer treatment through its
ability to simulate memory effects of biological systems. The systematic analysis of fractional order values demonstrated
that memory effects impact treatment outcomes in specific contexts instead of exhibiting universal effects.

The Continuous protocol showed its best performance results, which reached 32.26 efficacy at an alpha level of 0.75,
as the optimal treatment approach for all tested situations. The analysis of patient data demonstrated that personalized
treatment methods must be used, which showed that Young patients responded best to Continuous therapy at alpha 0.80
with 32.38 efficacy, Elderly patients at alpha 0.93 with 31.82 efficacy, and Compromised patients at alpha 0.75 with Adap-
tive therapy, which produced 32.36 efficacy.

The analysis identified immune cytotoxic killing rate (31) as the most important parameter because of its maximum sen-
sitivity value of S__ =1.025, yet the analysis determined that the hypothetical resistance-related parameters which occu-
pied the top five most sensitive parameters demanded experimental testing to confirm the model elements. The sensitivity
analysis provided essential information which tested the protocol reliability because Continuous therapy demonstrated the
highest memory effect sensitivity value of 2.17 while Hyperthermia therapy maintained the best stability with its memory
effect sensitivity value of 0.70.

The fractional-order modeling approach offers advantages over classical integer-order models specifically in capturing
memory effects in immune response dynamics resistance development and metabolic adaptation. The aggregate differ-
ences between fractional-order and integer-order predictions remain small because the maximum prediction error stays
below 1percent but specific patient-protocol combinations showed context-specific improvements that reached 3.68per-
cent which indicates potential clinical value for personalized treatment selection.

Our research findings show two main results which include proof of our main hypothesis and discovery of previously
unknown information. Fractional-order modeling provides advantages which depend on their specific context because
some treatment protocols show better results with integer-order methods. Our system applies basic fractional-order effect
models while scientific evidence for tumor-immune system fractional-order dynamic behavior remains scarce.

The study needs to investigate two areas which include testing fractional-order models against clinical data to assess
their superior prediction capabilities over integer-order models and creating methods which allow clinicians to determine
patient-specific « values through clinical measurements. The clinical application of fractional-order modeling requires rigorous
validation studies to determine whether memory effects provide clinically meaningful improvements in treatment predictions.

This work demonstrates that fractional-order differential equations function as a potentially valuable tool for modeling
cancer treatment through their mathematical capacity to model biological processes which depend on memory functions
that requires testing to establish its usefulness for improving treatment results in medical settings.
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