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Introduction

» The notion of the sub-exact sequence is a generalization of exact
seguence in algebra especially on a module.

=» A module over aring R is a generalization of the notion of vector space
over a field F.

» Refers to a special vector space over field F when we have a complete
iInner product space, itis called a Hilbert space.

» |n this paper, we introduce the new point of view that we could construct
the sub-exact sequence on Hilbert space. Furthermore, we investigate the
basic properties of the sub-exact sequence.




Sub-Exact Sequence

The sub-exact sequence is a concept that is applied in the module, which
IS a generalization of vector space.

Recall an inner product space V over F is a vector space V together with
an inner product (,): VXV - F.

When we have a complete inner product space, it is called a Hilbert
space.

A space is complete if every Cauchy sequence converges.




Sub-Exact Seguence

®» Definition 2.1 Let K, L, M be R-modules and X be a submodule of L. Then the
triple of (K, L, M) is said to be X-sub-exact at L if there exist R-
homomorphisms f and g such that the sequence of R-modules and R-

homomorphisms

k5x%m

is exact. The sequence is said to be exact if Im(f) = Ker(g).




Sub-Exact Seguence

» Definition 2.2 Let H,, H,, H; be Hilbert space over field F and X be a
subspace of H, (X need not a Hilbert space). Then the triple of (H,, H,, H3) is
said to be an X-sub-exact at H, if there exist linear transformation a« and

such that the sequence of Hilbert space and homomorphisms

a B
H{—»>X—H;

IS exact.




Sub-Exact Seguence

Example 2.1 Let H; = R?, H, = R3, and H; = R" be Hilbert spaces with an inner product is defined
by

n
(x,y) = 2 XiYi
i=1

and metric induced by this inner product is

d(x,y) = (S (x; — y)2):

et R is a subset of R3 Hilbert space, then the triple (R?, R3, R") is R-sub-exact at X = {(r,0,0)|r €
R} c R3 since there are homomorphisms « and S as follow
a: R - X
(x,y) —x

and
p: X — R"
x — (0,0, ...,0)

. B . ]
Itis clear that Im (a) = Ker (). Hence, the sequence R2SRER™ is exact. Then the triple of
(R?, R3, R") is R-sub-exact at R3.




Results

» Proposition 2.1 Let H,, H,, H; be Hilbert spaces and V, S be subspaces of H,,
where S cV.If V € 6(H,,H,,H3), and S is a direct summand of IV then S €

o(H{,H,, H3).
Proof:
Since V € 6(H,, H,, H3), there are homomorphisms a and g such that the
sequence
a B
H,—->V—Hj;
Is exact.

Since S is a direct summand of V, there exist, T, a subspace of I such that I =
S@T.Hence, foreveryveV,v=s+tforsomeseSandteT. Then we define a

homomorphism
p:V=S@®T->S

where p(v) = p(s+t) =s €S.




Now, let g = f|s. We will show that Ker (g) = Im (f). Let x € Ker g € S. Then g(x) =
B(x) = 0. Hence, x € Ker(B). Since Im a = Ker (), there is k € H, such that a(k) = x.

Then f(k) = (peoa)(k) = p(a(k)) = p(x) = x. This implies, Ker (g) c Im (f).

Now, letx € Im (f) € S. We have k € H; such that f(k) =x.Thenx = f(k) =poa(k) =
a(k). Hence, x € Im () = Ker( ). Therefore, f(x) = 0. Sincex € S, g(x) = f(x) = 0. So
that x € Ker (g). Hence, Im (f) c Ker (g).

f :
have Im (f) = Ker (g). So, the sequence H1—>S£>H3 Is exact. Therefore, S €
O'(Hl,Hz, HS) n




» Definition 2.3 Let V and W be inner product spaces and let &t € L(V, W), then
m IS an isometry if it preserves the inner product, that is, if
(mu, mv) = (u, v)

forallu,vev.




= Proposition 2.2 Let H,, H, be two Hilbert spaces and W be a subspace of H,. If
there is an isometric isomorphism from H; to W then the triple (H,, H,,0) and
(0,H,, H,) are W-sub-exact sequences.

» Proof. Let HliW - 0andlet0 - H11>W where © and t are isometric
iIsomorphism. From Definition 3.5 in [1], the sequence H; - W — 0 is exact since
there is m a surjective mapping from V to W. And also the sequence 0 - H; - W
IS exact since there is T an injective mapping from H; to W. Since W is a
subspace of H,, from Definition 2.2, the triple of (H;, H,, 0) is said to be a W-sub-
exactat H,.m




» Proposition 2.3 Let H,, H, be Hilbert spaces, W subspace of H,, and §;, 5, be two
metrics in H; and H,, respectively. If T is an isometric isomorphism from H; to W
then there is an injective isometric w from H; to H, such that

61(v1,v2) = 6, ((U(v1); (U(vz))

Proof:;

We can define a linear transformation w from H; to H, by w = iot. Sincei and t
are injective mappings then w is also injective.

Furthermore, we will show that w is isometric. By the assumption that 7 is an
iIsometric isomorphism from H; to W, we have

61 (v, v2) = &, (T(V1); T(vz))-

Since W is a subspace of H,, we get

61 (v, v2) = 52((i oT)(vq), (i ° T)(Vz)) — 52(0)(771); w(”z))-

Then, w is an injective isometric from H, to H,.m




Conclusion

» |f there are three Hilbert spaces over field F, namely H,, H,, H; then the collection
of all subspaces X of H, that the triple (H{, H,, H;) is X-sub-exact denoted by
o(Hy, H,, H;). When we have two any subspaces of H,, namely V and S, and V is
an element of the collection of all subspaces that sub-exact at H, then S is also
sub-exact sequence at H,, where S is a direct summand of V. Furthermore, we

have two properties of isometric isomorphism sub-exact sequence on Hilbert

pace.

If there are three Hilbert spaces where one of them is null space, and there is an
iIsometric isomorphism from H,; to W subspace of H,, then the triple (H,, H,,0) and
(0,H, H,) are W-sub-exact sequence at H,.

If any two Hilbert spaces and there is an isometric isomorphism from the Hilbert
space to its subspace, namely t from H; to W subspace of H, then we will find an
injective isometric w among two Hilbert spaces from H; to H,.
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