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ABSTRACT
The experimental analysis of base pressure in a high-speed compressible flow is carried out. The flow is made to expand abruptly from the
nozzle into an enlarged duct at fifteen sonic and supersonic Mach numbers. The analysis is made for variation in the nozzle pressure ratio
(NPR), length to diameter ratio, and area ratio. The effect of active micro-jets on the base and wall pressure is assessed. The data visualization
of the huge experimental data generated is performed using heat maps. For the first time, six back-propagation neural network models
(BPMs) are developed based on input and output possibilities to predict the pressure in high-speed flows. The experimental analysis revealed
that depending upon the type of expansion, the base pressure changes. A jet of air blown at the base using micro-jets is found to be effective in
increasing the base pressure during the under-expansion regime, while the wall pressure remains unaffected. The data visualization provided
an insight into the highest impact on the base pressure by the NPR. The six BPMs with two hidden layers having four neurons per layer are
found to be most suitable for the regression analysis. BPM 5 and BPM 6 accurately predict the highly non-linear data of the base and wall
pressure.
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NOMENCLATURE

ANN artificial neural network
BPM back-propagation model
CFD computational fluid dynamics
L/D length to dimeter ratio
M Mach number
NN neural network
NPR nozzle pressure ratio
P pressure
WC with control

WoC without control
X/L duct location to length ratio

Greek symbols
ϕr length to dimeter ratio
Λr area ratio
ξr nozzle pressure ratio
Ψp wall pressure
Ωb base pressure

ratio of specific heat
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I. INTRODUCTION

A sudden increase in area results in flow separation and
reattachment. High-speed detached flows are not entirely realized
despite significant work that has been done. To date, we are unable
to predict these flows. These flows are difficult to predict precisely
due to intricate fluid dynamic phenomena. This includes the pres-
ence of shock waves, expansion waves, and large flow property gra-
dients.1–8 The shear layer that is exiting from the nozzle results
in recirculating flow regions with sub-atmospheric pressure at the
base pressure at large Reynolds numbers, turbulent, and highly
compressible shear flows. Insight into the fluid dynamic mecha-
nisms in the near-field region at the back of the axis-symmetric
bodies is critically important for foretelling high-speed rocket and
performance of the aerospace vehicles. Exclusively, the formation
of a low-pressure re-circulation zone acting on the rear-looking
base of the cylinder-shaped blunt bodies at transonic and super-
sonic Mach numbers can contribute considerable amounts to the
base drag values. It is found that the base drag values at transonic
Mach numbers are around 60% of the total drag of the aerospace
vehicles.9–12

Korst13 investigated the base pressure issue in the transonic
and supersonic flow regime, where the external flow at the base was
sonic and likewise supersonic after the wake. The author developed a
physical model by considering the interaction between the adjacent
jet and the dissipative shear flow in the wake. Similarly, the sud-
den expansion of air has been investigated in a cylindrical duct for
the case of noise production and base pressure,14 which was min-
imum because of the attached flow that depended on the ratio of
duct and nozzle area. Khan and Rathakrishnan 2 have examined the
boundary layer control by decreasing the drag in full submerged
bodies. The authors utilized the suction technique on the boundary
layer; therefore, the pressure improved from the axisymmetric bod-
ies resulting in separation control. The sudden expansion of fluid
flow in a pipe was investigated in Ref. 1. It was reported that the
normalized base pressure depends on the ratio of pressure (over-
all), area, length to diameter (ϕr), and expansion of the duct. It
was found that the ratio of area and overall pressure and an opti-
mal ratio of ϕr showed maximum pressure at the exit of the nozzle,
while the minimum base pressure was near the sudden expansion
plane.

Similarly, the distribution of pressure near the wall for a low
supersonic Mach number (M = 1.3) was investigated.15 The expan-
sion and compression waves decreased significantly at ϕr = 3 due
to the back-pressure difference. The interesting results were that the
pressure near the wall was negligible under expanded flows for both
with and without control (WoC) cases, and the effect remained con-
stant.16 Also, experimental investigations were performed for under-
expanded and correctly expanded cases in the duct at M = 1.25 and
a diameter ratio of nozzle of 1.6.17 It was found that the flow became
oscillatory for a distinct arrangement of the nozzle pressure ratio
(NPR) and ϕr . The oscillatory nature was found for both with con-
trol (WC) and without control cases. Several research works have
also been carried out by using an active/passive control system to
control separation.18–23

On these types of problems, soft computing is a new tech-
nique that parallels the amazing capability of the human mind to
aim and study in an environment of uncertainty and imprecision.24

It comprises several computing models, which include the fuzzy
set theory, neural networks, an optimization technique, approxi-
mate reasoning, clustering, classification, regression, and so on.25,26

A fuzzy logic approach is found in the literature for the investigation
of pressure loss in a sudden expansion duct with a de Laval nozzle.27

The authors focused on minimum pressure loss that takes place
when ϕr is 1, which was obtained by using the fuzzy logic formula-
tion. The values of M were 1.58, 1.74, 2.06, and 2.23, while the values
of area ratio (Λr) and pressure ratio were 10.00, 6.00, 2.89, and 2.65,
respectively. The authors stated that the fuzzy logic approach could
assist in quantifying the internal fluid flow through a nozzle with a
sudden expansion in the duct. Similarly, Pandey and Kumar28 inves-
tigated the flow at M = 2.4, which is higher than the previous study.
However, the values of pressure ratio were 2.10, 2.65, and 3.48 for
Λr = 2.89 and ϕr = 6 − 1.24. The authors found that the results using
the fuzzy logic theory are suitable for smooth flow development
compared to all other parameters at ϕr = 4. It evaluated the opti-
mum value of ϕr from a sudden expansion circular duct forM = 1.58,
1.74, 2.06, and 2.23, the primary pressure ratio of 2.10–3.48, and
Λr of 2.89, 6.00, and 10.00. Based on the evaluation, the optimum
value of ϕr = 6 was found to be desirable for all other parameters
such as the wall static pressure and loss pressure, including the base
pressure.29

The fuzzy logic method applied in a circular duct without cavi-
ties for the case of M = 1.74 and 2.2330 and cavities for the instance
of M = 1.58–2.0631 to examine the wall static pressure variation on
the smooth fluid flow condition. The authors selected three Λr (2.89,
6.00, and 10.00), ϕr = 1, 2, 4, and 6, a pressure ratio of 2.65, and the
cavity aspect ratio of 1 and 2. The de Laval nozzle was used for
the case of without cavities, while the conical nozzle was used for the
cavities cases. In both cases, the fuzzy logic approach was acceptable
for smooth flow based on wall static pressure variations at ϕr = 1.
The authors have successfully utilized an artificial neural net-
work (ANN) to estimate the floor pressure in a convergent noz-
zle with shallow cavity internal flows at different subsonic Mach
numbers.

Similarly, ANN has also been used in civil engineering appli-
cations to detect the bursts and other abnormal flows at a district
meter area level.32 ANN and a mixture density network were trained
through the updated database of the future flow profile. On the other
hand, flow characterization over a transport airplane configuration
was learned and trained with different sizes of the network to pre-
dict aerodynamic coefficients by using ANN.33 The authors carried
out experimental work and compared it with ANN to investigate its
potential for the conceptual design process. In order to obtain the
lift coefficient, the lower and upper boundaries of airplane configu-
rations were selected at the subsonic M of 0.2 and 0.8, respectively.
At the same time, the other parameters of each configuration for the
upper and lower boundaries were chosen by using ANN input vari-
ables. The ANN method was used to predict the lift coefficients for
different angles of attack at a specified Reynolds number and flow
separation in a NACA0012 airfoil.34 Comparing with the computa-
tional fluid dynamics (CFD) approach, it was found that the ANN
method can predict the lift coefficient for a preliminary design at a
considerably low cost of computational study.

Several studies were carried out to optimize the base pressure in
a nozzle flow through the sudden expansion duct with and without
control. Of those studies, the design of experiments (DOE) approach
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allows optimizing the effect of the parameters on control of the fluid
flow process. For example, the DOE method was used to analyze the
suddenly expanded flow with and without micro-jets active control
for M = 2 and 3, NPR = 5 and 9, ϕr = 3.25 and 6.25, and ϕr = 4
and 8 as the minimum and maximum values, respectively.35 The
authors used a full factorial design of the L16 orthogonal array (OA)
to develop the linear model. It was found that the linear regression
models for base pressure with and without control are statistically
suitable and accomplished in making precise estimations. The same
authors36 presented the study for three levels from each parameter,
which is similar to the previous one. The low-medium-high levels
and the medium range were set for M = 2.5, NPR = 7, Λr = 4.75,
and ϕr = 6. The L27 orthogonal array was implemented to optimize
the results using response surface methodology. A non-linear model
based on the C–C (central composite) and B–B (Box–Behnken)
design was proposed to ease the input and response correlation.
Using the ANOVA (analysis of variance) table, the significance of
square, main, and interaction terms of the proposed models was
analyzed.

The base pressure analysis in the field of suddenly expanded
compressible flow into the duct at sonic and supersonic Mach num-
bers is rarely reported. Additionally, the use of passive or control
mechanisms is a potential area to regulate the base pressure in the
duct base. Regression using ANN in this field can be said as new,
which must be investigated. This article examines the potential of
dynamic control by applying micro-jets to increase the base pres-
sure at sonic and supersonic Mach numbers. A comparison between
the controlled and normal flow affected by operating parameters
and geometry of the duct is studied. A completely new contribution
in this high-speed flow study is the development of different back-
propagation (BP) ANN models and correlations to predict the pres-
sure at the base and duct wall. The data analysis is also performed
to understand the level of effect of parameters on the response
variable.

II. EXPERIMENTAL SETUP
The sudden expansion flow characteristics such as the re-

circulation zone, reattachment point, and expansion waves are
investigated experimentally, and it is presented in Fig. 1. The
schematic view of the experimental setup of sudden expansion flow
investigation in a duct is shown in Fig. 2. The settling chamber and
nozzle with a duct arrangement is shown in Fig. 2(a). The upstream
nozzle arrangements connecting pressurized tanks to the nozzle
through the steeling chamber are shown in Fig. 2(b). The complete
setup with pressure transducer arrangements and a data acquisition
system (DAQ) is shown in Fig. 2(c). It consists of a nozzle that is
an arrangement of four micro-jets at the base, which has eight holes
along with the circular position, as shown in the right-side view of
Fig. 2. The holes of the micro-jet are denoted with “c” and placed for
blowing of air, while the holes “m” are meant for measuring the base
pressure (Ωb). Here, the hole “c” is used to control the base pres-
sure, and it is connected with the blowing chamber by using a tube.
The pressure of the blowing chamber is the same as in the settling
chamber. Pressure taps are used to measure the wall pressure and
the flow field nature in the duct. The distance between “m” and “c”
holes is 8 mm, while it is 10 mm in between “c” and “m” holes. The
ranges of the length to diameter ratio (ϕr = L/D) are from 10 to 1, and

FIG. 1. Different zones of the sudden expansion flow field characteristics.

readings for each ϕr are measured. The experiment is performed for
15 Mach numbers, i.e., sonic Mach 1 and supersonic Mach 1.25, 1.3,
1.48, 1.6, 1.7, 1.8, 1.87, 2, 2.2, 2.3, 2.5, 2.58, 2.7, and 3. Typically, the
range of ϕr = 3–5 has been considered for the case of without con-
trol; however, ϕr can vary from 10 to 1 for the case of control. The
nozzle pressure ratio (ξr) is varied from 1 to 10 in a step of 1 each
for every ϕr , and readings are taken for every single time. The base
pressure variation is recorded by using a pressure transducer (PSI
System 2000), and the range of pressure is up to 300 psi (15 bars),
and it has 16 channels. The sampling rate of the pressure transducer
is 250 samples/s, and the wall pressure is recorded by using a mer-
cury manometer. The pressure transducer has 16 channels, out of
which channels 1 and 2 is used to measure the stagnation pressure
in the main settling chamber, and the channel 2 measures the stagna-
tion pressure in the control chamber. The remaining 14 ports were
used to measure the wall pressure of the enlarged duct. Hence, 14
wall pressure taps were connected to the pressure transducer, and
the rest of the wall pressure taps were connected with the multi-tube
manometer. Therefore, all the fluctuations that take place within the
reattachment length are measured by the pressure transducer. The
photographic view of the experimental test rig, pressure tanks, and
wall pressure manometers is shown in Figs. 2(d)–2(f).

III. BACK-PROPAGATION (BP) ANN
The back-propagation (BP) algorithm is the most fundamental

building block in a neural network (NN). It is utilized to efficiently
train a NN through a technique known as chain rule. The back-
ward pass in BP algorithm improves its performance by adjusting
the weight and biases variables. In BP, the input data are provided
into the NN with the aim of classification or prediction of the data.
In this case, the information is split into binary signals for allowing a
single neuron. A set of known values is utilized for training the NN
as the training data. The NN output can be a real value between zero
and one, discrete value, or a Boolean. Each neuron receives the input
and passes to the activation functions, which are the tanh, ReLU, and
sigmoid functions. The active functions stabilize the predicted value
to a specified range in order to safeguard the model and have stable
convergence.
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FIG. 2. Experimental setup, nozzle, and duct arrangement for the sudden expansion flow analysis (a) Nozzle and duct arrangements with micro-jets. (b) Flow of compressed
gas through different values to the nozzle holder. (c) Complete setup of compressible flow flowing through tanks to the duct. (d) Setup and pressure tanks. (e) Duct wall
manometers. (f) Pressure transducer.

Typically, a numeric weight is introduced to each neuron for
the determination of each neuron’s output. In the BP training model,
the aim is to determine the weights that can create the maximum
precise output and are set at the beginning before the model is
trained. First, the NN initializes the weights arbitrarily and then pro-
ceeds in optimizing from there. For example, Xavier optimization
ensures proper initialization of weights to generate sufficient signals
that pass from all layers of the network. In the BP model, the for-
ward pass attempts are made by taking the inputs which pass from
the network to allow reaction of each neuron with the fraction input,
ultimately producing an output. In the BP model, gradient descent
is a mathematical formulation that modifies the function variables
from a higher to lower value by looking at the derivatives of the func-
tion about each of its variables and that sighted which step, through
which variable, is the following appropriate phase to minimalize the
function. Gradient descent is applied to the error function, which
helps us to find the lowest weights and make the model more

accurate. The RMSE (root mean squared error) is estimated and can
be written as follows to train the model:

RMSE =
N

∑
i=1

√
(xi − x̂i)2

N
, (1)

where x and x̂ are the observed and predicted quantities, respec-
tively, N is the number of data for RMSE calculation, and i is the
data index.

The BP model (BPM) developed in this regression study is of
different types. A general representation of the BPM with inputs is
Mach, ξr (NPR), Λr (area ratio), ϕr (L/D), control (0—without or 1—
with), and non-dimensional length X/L. The outputs are the base
pressure Ωp and wall pressure Ψp, which are shown in Fig. 3. The
number of layers and neurons per layer are tried to get minimum
RMSE. The neurons per layer are tested from 3 to 9, and the number
of hidden layers is tested from 1 to 3. The wall pressure is measured

Phys. Fluids 32, 096109 (2020); doi: 10.1063/5.0022015 32, 096109-4

Published under license by AIP Publishing

https://scitation.org/journal/phf


Physics of Fluids ARTICLE scitation.org/journal/phf

FIG. 3. A general schematic represen-
tation of the back-propagation model
(BPM) used for modeling pressure (base
and wall) in different conditions.

FIG. 4. Six BPMs developed in this study for the regression of base and wall pressure with (WC) and without control (WoC).
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along the complete length of the duct (X/L), while the base pressure
is only read at the base. Therefore, the BPM regression is divided into
primarily three types of regression, such as for (1) only base pres-
sure, (2) only wall pressure, and (3) both the pressures. In the case
of regression type 3, the wall pressure only at one location, i.e., next
to the base (common to all ϕr), is selected so that it can be predicted
combined with the base pressure as it is also only one reading. The
BPM developed for these regression types is shown in Fig. 4, where
a total of six models are proposed. As in this study, the flow is reg-
ulated with control (1), and without control (0), and few BPMs are
tested for both cases like BPM 1, BPM 3, and BPM 5. Remaining
models are trained using combined with and without control pres-
sure data, which are BPM 2, BPM 4, and BPM 6. In these models,
controls (1 and 0) are input to the network. As mentioned earlier,
the BP models are tested, and the optimized network for each BPM
is used to predict or do testing of data, which is 10% of total data.
The base pressure data are nearly 6000 points combining control and
no control. The wall pressure data combined are almost 0.15 × 106;
therefore, this BP modeling is most suitable to carry out regression
for these vast data. Apart from this, two correlations for highly non-
linear base pressure are also developed, and a comparison is made
with the BPM.

IV. RESULTS AND DISCUSSION
A. Pressure analysis

The present study aims to investigate the impact of the dynamic
control on the base pressure (Ωp). The study also seeks to examine
the influence of the control mechanism on the flow development in

the enlarged duct. The back-pressure normalized the experimental
data obtained like the base pressure and the static wall pressure
(Ψp) in the conduit. The base pressure is minimal (i.e., less than the
ambient pressure) whenever there is an abrupt change in the area
of the duct. The sudden increase in the area results in flow sepa-
ration and reattachment with the duct wall, and later again, there
will be a boundary layer growth. The Mach numbers considered
during tests were in the range of 1–3. Experiments were conducted
for ξr from 3 to 11. From the range of the inertia parameters, it is
evident that up to Mach 1.8, the flow from the nozzles is perfectly
and under-expanded. For Mach 2, the exiting flow from the nozzle
is correctly, under-, and imperfectly expanded. For correct expan-
sion, ξr for a particular Mach number is calculated by the following
equation:

ξr = Po
Pa
= (1 + (γ − 1

2
)M2)

γ
γ−1

. (2)

The flow behavior in these expansion types is schematically shown
in Fig. 5. For Mach numbers 2.5 and 3, the flow is over-expanded.
The base pressure results for all the Mach numbers are shown
in Fig. 6, but the ξr range selected was 3, 5, and 7. Λr and ϕr
are 2.56 and 10. Since for Mach numbers, M = 2.5 and 3.0, the
tests were conducted for the imperfectly expanded case. Hence,
we intend to look for the effectiveness of dynamic control (WC)
under the influence of an adverse pressure gradient. The inten-
tion of selecting this ξr was to assess the performance of the con-
trol mechanism and to simulate the trajectory of launch vehicles.
At the launch point, over-expanded jets are preferred. After the
launch with the increase in the altitude, the over-expanded noz-
zle will become correctly expanded. In Fig. 6, it is seen that at ξr

FIG. 5. Structure of (a) over-expanded,
(b) correctly expanded, and (c) under-
expanded flows at different levels of jet
expansion in the duct.
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FIG. 6. Base pressure (Ωp) vs Mach number (M) without control (WoC) and with
control (WC) systems for different ξr = 3, 5, and 7 at fixed Λr = 2.56 and ϕr = 10 in
sonic and supersonic flow conditions.

= 3 and M = 1, the flow is under-expanded, and hence, it undergoes
expansion, and there is a progressive decrease in the base pressure
in the absence of control. Under these circumstances, when the con-
trol mechanism (WC) is activated, there is an increase in the base
pressure in the presence of a favorable pressure gradient. The trend
of decreasing base pressure continues until M = 1.25; however, with
a further increase in the inertia level, the trend is reversed up to M
= 1.3. Later, in the Mach number range 1.3–1.48, the decrease in the
base pressure revisits. For the case of M higher than 1.48, there is a
sudden increase in the base pressure. It is evident at ξr = 3 that the
flow from the nozzles at M beyond 1.48 will over-expand, and this
level of over-expansion will increase with the Mach number, and
this phenomenon is clearly seen since these jets are confined in a
duct of diameter 16 mm. In view of the small diameter, the reattach-
ment length will be short. The shear layer exiting from the nozzle
will be associated with the oblique shock wave, expansion wave, and
Mach wave (Fig. 5) depending on ξr and M. The entire flow field is
dominated by the presence of waves, and hence, the flow will remain
oscillatory in nature.

Similar trends are seen at ξr = 5 and 7. The increase in the
ξr values from 3 to 5 and from 5 to 7 will make the flow up to
M = 1.6 as under-expanded. The jets are highly under-expanded at
lower ξr . It is seen that whenever the nozzles are under the influence
of a favorable pressure gradient (i.e., under-expanded) and when
the dynamic control (WC) is activated, results in an increase of the
base pressure and the revised trends are seen when the jets are over-
expanded. Similar patterns are observed for ξr = 7. Hence, based on
the above results, we can say that we cannot generalize the trends due
to the excessive interaction and domination of the waves inside the
duct.

Figure 7 shows the base pressure variation with Mach numbers
for three Λr , namely, 2.56, 4.84, and 6.25 for fixed ξr = 5 and ϕr = 10,
and the base pressure results are compared with control (WC) and

FIG. 7. Base pressure (Ωp) vs Mach number (M) without control (WoC) and with
control (WC) systems for different Λr = 2.56, 4.84, and 6.25 at fixed ξr = 5 and
ϕr = 10 in sonic and supersonic flow conditions.

without control (WoC). Here, the effect of Λr (i.e., the relief avail-
able) on the flow is dominating the base pressure values. In Fig. 7, it
is seen that in the case of the lowestΛr , the base pressure is increasing
with M from 2 and above. However, the same trend is seen from M
= 1.5 and above. However, the pattern of increasing the base pressure
starts from M = 1.3. When the control was activated at lower M and
Λr = 2.56, the micro-jets are able to reduce the base suction signif-
icantly as long as the flow from the nozzles is under-expanded for
M > 1.6, and the control results in a reduction of the base pres-
sure. The reasons for this trend may be due to the variable level
of expansion. The jets are under-expanded until M = 1.6, and for
remaining Mach numbers, the jets are over-expanded, and the level
of over-expansion increases with the Mach number significantly.
The location of the control jets is in the middle of the base region as
the pcd (pitch circle diameter) of the control jets was fixed at 13 mm.
Hence, the control effectiveness will have variable trends at other Λr ,
namely, 4.84 and 6.25 due to the proximity of the control jets very
close to the base corner and away from the main jet. For Λr = 6.25, it
will further move away from the main jet while discussing the base
pressure results that the reattachment length will increase with an
increase in Λr . Hence, for the same M, ϕr , and Λr , the base pressure
will increase with the rise in Λr . The reason for a given/fixed value
of ξr , ϕr , and M is that the reattachment will continue to grow. In
this situation, the vortex strength, which is fixed, can create power-
ful suction in the base region, and at higher Λr , the effectiveness of
the base vortex gets reduced. Hence, based on the above discussions,
these trends can be understood. The control effectiveness is marginal
at higher Λr .

Figure 8 shows the base pressure results at sonic and supersonic
Mach numbers for ϕr = 2, 6, 10 WC and WoC for ξr = 5 and Λr
= 2.56. The results show that ϕr = 2 is insufficient for the flow to
remain attached for M > 1.6. Since the base pressure results con-
sidered are for fixed ξr = 5. The flow exiting from the nozzle is
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FIG. 8. Base pressure (Ωp) vs Mach number (M) without control (WoC) and with
control (WC) systems for different ϕr = 2, 6, and 10 at fixed ξr = 5 and Λr = 2.56 in
sonic and supersonic flow conditions.

over-expanded; hence, the base pressure assumes higher values not
only due to the flow being over-expanded but also due to the insuffi-
cient length of the duct, which exposes the flow to the ambient pres-
sure making the base pressure almost equal to the ambient atmo-
spheric pressure. This phenomenon is visible when we see the results
at ϕr = 2 for M > 1.6, and this increase in the base increases with the
Mach number. When ϕr = 6, even though the flow is attached for all
the Mach numbers, the fluctuations and increase in the base pres-
sure are attributed to the level of expansion, the interaction of the
shock waves in the duct, and the influence of the Mach number. It is
well known that the base pressure will increase with the increase in
the inertia levels. The base pressure trends are similar for all ϕr up
to M = 1.6 since the flow is attached with the duct wall, and minor
variation is expected due to the variation in the duct length and the
effect of the back-pressure.

Figure 9 shows the base pressure for the jets at a different level
of expansion (i.e., over-expansion, correct expansion, and under-
expansion) at selected M = 1.87 and 2 for the cases of WC and WoC
at ϕr = 10 for Λr = 2.56. However, ξr for M = 1.87 and 2 are 3.56 and
2.13, respectively; these ξr correspond for a level of over-expansion
of 0.56 at M = 1.87, 0.277, and 2.0, while ξr for correct expansion are
6.97 and 7.83. Similarly, ξr for a fixed level of under-expansion of
1.5, they are 9.6 and 11.85 at M = 1.87 and 2. These ξr and the level
of expansion were selected to assess the effectiveness of the control
mechanism in the form of micro-jets. As expected, when jets are
over-expanded, and the Mach number is also increasing, the results
show that with the increase in the level of over-expansion and Mach
number, a high value of the base pressure is achieved. Under these
circumstances, when the dynamic control is employed, the control
results in a decrease in the base pressure. Hence, these results reiter-
ate that when the controls are activated in the presence of an adverse
pressure gradient, it results in a reduction of the base pressure.

FIG. 9. Base pressure (Ωp) for the jets with over-expansion, correct expansion,
and under-expansion at Mach numbers M = 1.87 and 2 for the cases of WC and
WoC, while ϕr = 10 and Λr = 2.56 are kept constant. ξr for these expansion types
are mentioned as labels over the bars.

When the jet is correctly expanded, the shear layer exiting from
the nozzle will be associated with Mach waves. These Mach waves
are weak waves through which the flow is isentropic. It is also seen
that when the control is activated, they influence the base pressure
positively, and the control results in an enhancement in the base
pressure. The magnitude of the increase in the base pressure is nearly
the same, unlike the over-expanded jet, where the level of over-
expansion is different. When we look at the base pressure results, it is
found that when the jets are under-expansion, the control increases
the base pressure. Furthermore, an increase in NPR influences the
level of expansion and the magnitude of the base pressure at various
Mach numbers.

Figure 10 shows the results of the base pressure for correctly
expanded jets at supersonic Mach numbers. The base pressure
results are compared with and without control for Λr = 2.56 and
ϕr = 10. From the results, it is seen that for low M = 1.25 and 1.3, the
base pressure values for without control are marginal as compared to
M > 1.3, while for the lower Mach numbers, the control effectiveness
is marginal. It is also seen that with the increase in the Mach number,
there is a continuous decrease in the base pressure values for with-
out control cases for Mach numbers up to 1.87. When the control by
the micro-jets is employed, there is a substantial increase in the base
pressure values. At M = 2.0 and 2.2, there is an increase and decrease
in the base pressure value in the absence of the control. However, the
control effectiveness increases from all M > 1.5. This trend may be
due to the combined effect of the area ratio, the Mach number, and
interactions of the waves at the nozzle exit as well as in the enlarged
duct. The flow field is very complicated due to the sudden expansion
of flow, which can form oblique shock if the flow is over-expanded
and Mach waves if the flow is under-expanded, in front of the noz-
zle. Since the tubes were made of brass, therefore, it was not possible
to visualize the flow. If the duct is of rectangular cross section and
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FIG. 10. Base pressure (Ωp) for correctly expanded nozzle flows at supersonic
Mach numbers with control (WC) and without control (WoC). The nozzle pressure
ratios ξr for correct expansion are mentioned in the table in the inset of this figure,
while Λr = 2.56 and ϕr = 10 are fixed.

the front wall is transparent, then through the shadowgraph, we can
capture the shock wave pattern. In the conduit, the flow will get reat-
tached with the wall before passing through the waves. This may be
the reason for this trend. Usually, it was presumed that when the
jets are correctly expanded, the flow is smooth and the flow is free
from the waves if the jets are not correctly expanded. The pattern
of the base pressure results indicates that inside, the flow field is full
of waves. The waves getting reflected after hitting the wall undergo
compression and expansion, which can be noticed from Fig. 11.

FIG. 11. Wall pressure (Ψp) along the length of the duct for over-, correctly, and
under-expanded flows at M = 2, ξr = 5, Λr = 2.56, and ϕr = 10 for the cases of
WC and WoC.

One of the common problems encountered in a suddenly
expanded flow field is that the pressure field in the enlarged duct
becomes oscillatory because of the “Ejector Pump” action.37 At the
base region, the vortices are formed at the base because of the expan-
sion of the shear layer from the nozzle and ejected to the main flow
continuously. This action was referred to as the “Jet Pump-action”
by Wick.37 This action renders the flow in the duct to become oscilla-
tory. These oscillations are reflected as variations in the wall pressure
distribution of the enlarged duct. Therefore, it becomes mandatory
on the part of a researcher working on sudden expansion problems
to monitor wall pressure distributions and the development of the
flow in the enlarged duct. In other words, when we employ control to
modify the base pressure level, there is a possibility that the control
might augment the oscillatory nature of the flow field in the enlarged
duct.

Wall pressure distribution in the enlarged duct was measured
for all combinations of parameters of the present investigation to
account for this undesirable effect (aggravating the oscillatory nature
of the flow field). Even though voluminous data on wall pressure
were collected, only some representative pressure distribution to
bring out the influence of the active control on the wall pressure field
is presented in Fig. 11 in order to avoid the repetition of informa-
tion of similar nature. The wall pressure taps placed for the pressure
recordings are shown in Fig. 12. The measured wall pressure has
been made non-dimensional with the atmospheric pressure, Pa, to
which the flow was discharged. The axial distance of the enlarged
duct from the base location, X, has been non-dimensionalized with
the duct length, L. To quantify the effect of control on wall pres-
sure distribution Pw/Pa for the three cases, namely (i.e., over, under,
and correctly expanded jets) for with and without control, have been
compared.

Figure 11 presents the static wall pressure (Ψp) along the
length of the duct for over-, correctly, and under-expanded flows at
M = 2 with and without control for ξr = 5, Λr = 2.56, and ϕr = 10.
It is observed that for the wall pressure along the duct for over-
expanded jets, the flow field remains identical for with and without
control cases except at the entrance of the duct where the flow passes
through the oblique shock, and there are mild oscillations. The level
of over-expansion is low (i.e., Pe/Pa = 0.277), and for X/L > 0.2, there
is a smooth recovery of the wall pressure, and it attains ambient flow
conditions. When the flow expands from the nozzle into the duct,
it collides with the duct wall and then gets compressed along the
flow direction. This compression and expansion of flow cause rise

FIG. 12. Wall pressure taps at regular intervals along the duct wall.
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and fall of the pressure along the duct wall, which is observed from
the wall pressure (Fig. 11). When we see the wall pressure pattern
for the correctly expanded case, oscillations are observed due to the
presence of the Mach waves; however, the flow field for WC and
WoC remains identical. Similarly, when we analyze the wall pressure
and the nature of the flow field under the influence of a favorable
pressure gradient, the wall pressure results with and without con-
trol are almost identical except within the reattachment point where
the flow is interacting with waves reflecting from the duct and the
spike is seen where the wall pressure attains a value that is 20% more
than the ambient pressure. The wall pressure for ideally expanded
and under-expanded cases remains oscillatory in nature for both the
cases (i.e., WC and WoC). This is one of the major advantages that
the dynamic controls do not aggravate the flow field in the duct and
remain identical.

B. Data analysis
Heat maps are, by definition, visual representations of data

using color-coded frameworks. The main aim of heat maps is to ade-
quately display the number of locations or events in a dataset and to
aid viewers in the most relevant areas. Using the Microsoft Excel
software, the heat maps are obtained for the base pressure (with and
without control) and wall pressure (with control). The wall pres-
sure is unaffected by the control using micro-jets; hence, only the
readings belonging to without control are considered for data visu-
alizing. The pressure readings are huge in number (more than 6k
for base pressure and 0.1 × 106 for wall pressure); hence, data analy-
sis is essential. Moreover, to understand the distribution of pressure,
heat maps assist by sorting them based on the input variables. These
huge numerical data are generally difficult to analyze; hence, the
color scheme that occurs in very less space is easy to interpret. In
Figs. 13–15, the heat maps of base pressure without control and with
control and wall pressure are provided. The dendrograms provided
for respective sections show clearly the systematic classification of
data points.

FIG. 13. Heat map of base pressure without control.

FIG. 14. Heat map of base pressure with control.

The base pressure and input variables (Λr , M, NPR, and ϕr) are
clustered together in Figs. 13–15. The right-side vertical axis repre-
sents the base pressure values, and the bottom horizontal axis shows
the input variables. The dendrograms are for the classification of
the data. The top dendrogram brings similar variables close to each
other in columns, and the left dendrogram brings the same pres-
sure values together in rows. The dendrogram clusters similar data
using permutation. The heat map is a colored representation of data.
The red color represents the low value, and the green color repre-
sents the high values of pressure, while the black color represents
the intermediate value of the base pressure. The uppermost clustered
dendrogram indicates the four branches of variables, i.e., one each

FIG. 15. Heat map of wall pressure with control (WC).
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for a single input variable chosen. For every Mach, there are Λr val-
ues, and similarly, for every Λr , we have NPR and so on. The vertical
dendrogram represents the cluster of two pressure values mainly. At
this point, we have reached the most exciting part of heat maps. We
will analyze whether the two pressure clusters say group 1 and group
2 (refer to Fig. 13) are associated with the input variable clusters. If
we see the last column of NPR, it can be noticed that in group 1,
most of the region is green in color, representing that the base pres-
sure values are high in range. The red color is rarely spotted in the
entire column showing that the base pressure belonging to lower val-
ues is less, while the black color is observed lightly. In group 2, the
base pressure belongs to red and black color hence this indicates the
low-pressure region.

It can be inferred that the most critical factor affecting the base
pressure is NPR. Second, Mach numbers in groups 1 and 2 have only
red and black colors, respectively; very rarely, the green color is spot-
ted in group 1. This indicates that intermediate and lower values of
M and NPR have a prominent role in increasing the pressure. ϕr in
group 2 indicates the higher base pressures than that of group 1. Λr
in both groups has equally given rise to the base pressure, but most
of the region in both groups is related to lower and intermediate
values.

In Fig. 14, the heat map of the base pressure obtained from
the active control shows that the NPR and group 1 pressure clus-
ter mostly belong to the green region, and group 2 has the green as
well as black region equally. Group 3 has majorly a red zone indi-
cating lower values of the base pressure. Group 1, having a large
portion as green, means that the base pressure using control is use-
ful in improvising it. The Mach number again here shows the same
effect in intermediate and lower values as previously. ϕr in group 3
indicates a sufficient green region, which is clearly visible; hence, the
base pressure is more in that cluster. Λr in the sub-classification of
group 1 has some region of green and most of remaining the part in
the red and black zone.

In Fig. 15, the wall pressure heat map visualization is shown,
obtained from the control mechanism with an extra variable, i.e.,
the non-dimensional duct length X/L. The wall pressure readings
are clustered in four groups and are associated with five input vari-
ables. At this stage, it is easy to understand that the NPR again shows
a prominent role in obtaining the high pressure at the duct walls.
To some extent, Λr and ϕr also indicated the green zones at ran-
domly distributed rows in all groups. However, the length X/L and
M do not show the sign of unaffected variations. This, in turn, indi-
cates that for a specific M, there is a value of NPR at which the base
pressure is highest. That NPR is most significant in reducing the
base drag for the given nozzle and operating conditions. The non-
dimensional duct length indicates that the wall pressure readings are
in lower zones for all the groups formed. The duct length in smaller
ranges belongs to the group of wall pressure, while higher NPR and
lower M values belong to most of the wall pressure groups.

The histogram is a way of understanding the distribution of
data when they are significant in number. As our experimental data
were enormous, we decided to go for the histogram as well to know
how active control affects the base pressure. For wall pressure, the
control readings were preferred, and moreover, the no-control read-
ings were also the same. The pressure is distributed in ten classes
equally from 0 to 1, as shown in Fig. 16. The density indicates
how dense a class is. Base pressure histograms look similar, but a

careful view suggests that the class of 0.2–0.3, 0.3–0.4, and 0.7–1.0
the density is more for base pressure WC than WoC. This means
that for some class of pressure, the density being less for flow WC
indicates that the active control using micro-jets provides a boost to
increase the pressure. As seen from Figs. 16(a) and 16(b), for base
pressure 0–0.2, the density is more for the case of WoC than WC.
This indicates that the base pressure is more when the flow is under-
going correct expansion that is affected by active control. Hence, a
reduction in the base pressure is obtained in the case of WC as the
density for class 0−0.2 has clearly reduced. The wall pressure density
is shown in Fig. 16(c). The class of pressure in the range of 0.8–
1.0 is the highest and nearly twice the other class densities. Hence,
the wall pressure is enormous for only this class, and for high pres-
sure above 1.0, the density is low. Also, it can be concluded that the
active control does not increase the wall pressure, which is a good
sign.

C. ANN regression analysis
The regression of the base and wall pressure data is performed

in different stages, as mentioned in Sec. III. A total of six back-
propagation models (BPM) are proposed for the pressure WC and
WoC. Additionally, a semiempirical correlation is also tried and
compared to the predicted values with the BPMs. Two correlations
are obtained after the rigorous use of the Microsoft Excel software
for the highly sensitive and non-linear data of the base pressure. For
wall pressure, the correlation is not developed as it is also a func-
tion of duct length and highly unpredictable. Equations (3) and (4)
represent the developed correlations for base pressure alone,

Ωp = 1.6 sin((0.3M)φr + (ξr0.09M)λ + sin(0.6 + 0.4ΛrM
ξr

)) − 0.65,

(3)

where λ is calculated as follows: λ = Λr(0.3M)φr + M+0.4Λ2
r

ξr
,

Ωp = (0.3M)0.65+φr +
0.9 + 0.14ΛrM

ξr
+

0.04Mξ2
r

Λr
− 0.1. (4)

Figure 17 shows the results of RMSE of all the BPMs developed,
obtained after 5k to 10k iterations. It can be noted that the RMSE
of each model, either WoC or WC and having a combined wall
and base pressure is different. For most of the models, the RMSE
value is less than 0.05 indicating less error and more suitability of
developed models for prediction in the case of training and testing
models. When the wall pressure and base pressure are both com-
bined, the highly non-linear data become slightly tricky to predict
the data requiring more iterations to converge.

Figure 18 shows the comparison between BPM 1, experimental
results, and correlations [Eqs. (3) and (4)]. The base pressure WoC
is used for training the BPM 1, and the correlations are used for
prediction. There is sufficient agreement between the models and
experimental readings. Out of huge training data points, only the
first 100 points are used to show the pressure values from different
methods clearly. For the 20 points, the zoom view is provided, which
clears that the model is the most suitable one. It is seen that though
both the correlations provide the same trend, the BMP 1 model pro-
vides very close results. This shows that BPM 1 is most suitable for
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FIG. 16. Histogram plot of the base pres-
sure for the case of (a) WoC, (b) WC, and
(c) wall pressure WC.

FIG. 17. RMSE obtained for each BPM for training and testing datasets.

prediction than the correlations. However, these correlations can be
used with a comprise in minute accuracy loss. BPM 1 is very close to
the pattern of experimental data and nearly overlaps at most of the
points.

In Fig. 19, the prediction of base pressure WC using the data
for training and testing obtained from BMP 1 is compared with the
experimental results. A good agreement between these readings is
observed. The training and testing of BPM 1 are successful for pres-
sure WC. It should be noted that for minor data points, which can
be called outliers, the model does not accurately predict them, which
is usually neglected. As the compressible flow data are highly non-
linear, the prediction is generally not easy. The BPMs were tried
with 4-4-1, 4-4-4-1, 4-5-1, 4-5-5-1, 4-6-1, and 4-6-6-1 combinations,
where the first number represents the inputs (NPR, M, Λr , and ϕr),
the last number represents the output, i.e., base pressure, and the
middle number represents the number of neurons in hidden lay-
ers. ANN modeling of high-speed compressible flow data is also
very rare due to its non-linearity. This study to the best knowledge
of authors is first to report regression modeling using ANN and
to develop an analytical model for the prediction of base pressure
at sonic and supersonic Mach numbers. The hidden layers finally
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FIG. 18. Comparison of experimental, neural network model BPM 1 (without
control), and correlations [Eqs. (3) and (4)].

FIG. 19. Prediction of base pressure WC from BPM 1 during training/testing.

FIG. 20. Prediction of combined base pressure WC and WoC from BPM 2 during
training/testing.

decided were two in number having four neurons per layer for the
remaining analysis here onwards.

In Fig. 20, the training and testing of BMP 2 are depicted, which
uses the base pressure from combined WC and WoC data points.
The successful training of BMP 2 can be seen as predicted, and
experimental data points are in-line. The testing data predicted by
BPM 2 further confirm the successful prediction ability of the ANN.
It can be noted that the combined WC and WoC data are higher
in number, which causes a more accurate prediction of the mod-
els. In Fig. 21, the wall pressure WoC trained and tested BPM 3
data are compared with the experimental results. It is again observed
that a good agreement between both the readings is obtained. The

FIG. 21. Prediction of wall pressure WoC from BPM 3 during training/testing.
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highly non-linearly varying data points of wall pressure obtained
WoC are successfully predicted by the model with some slight over
or under prediction but acceptable. The wall pressure readings are
enormous in number, as mentioned earlier, also, but very few points
are shown for the sake of clarity. It is more pleasing that the test-
ing data predicted from BPM 3 are as good as the training data
prediction.

The training of BPM 3 for the wall pressure WC dataset and
the corresponding prediction after thousands of iterations of back-
propagation is shown in Fig. 22, which is obtained close to the
experimental data. During back-propagation, the weights and bias
functions of the neurons are updated in each iteration based on the
selected activation function (sigmoidal function). The testing of this
model after successful training is shown in the same figure [Fig. 22].
The prediction of the tested data and comparison with the experi-
mental results reveal a good agreement between the two. The data
are high in number, and the outliers as usual should be neglected.
The experimental and ANN model output can be seen in-line and
equally distributed along both sides.

In Fig. 23, the training and testing data points predicted by
BPM 4 for wall pressure combined WC and WoC are shown. A
separate model was necessary to design for the data when the pres-
sure was combined WC and WoC. Because when the pressure is
combined WC and WoC data, it will be required to separately pro-
vide input to the neural networks to indicate that control (1) or no
control (0) is an input. If WC and WoC are separately modeled,
then this input is not required. Hence, the analysis is made slightly
complicated yet powerful with the increased data. BPM 4 also pro-
vided good training and testing prediction of wall pressures with the
experimental part.

The training and testing results of BPM 5 for base pressure
are shown in Fig. 24. This is a new model where the base pressure
and wall pressure are the two different outputs from a single net-
work. In this method, the wall pressure at a particular point was
selected, which was decided as the reattachment point as it is of some
physical significance where the flow attaches with the duct after the

FIG. 22. Prediction of wall pressure WC from BPM 3 during training/testing.

FIG. 23. Prediction of combined wall pressure WC + WoC from BPM 4 during
training/testing.

nozzle exit. Hence, the wall pressure readings recorded at different
points along the duct length are discarded in these models. The same
method is adopted for the next model as well, where the input of
WC and WoC together is considered as a separate input perceptron.
The results shown in Fig. 24 show a very close match between the
experimental and BPM 5. This is the most accurate model obtained
so far. The increase in accuracy is only due to the increase in data
points.

Figures 25–27 represent the training data prediction and test-
ing data prediction using BPM 4 for wall pressure and base pressure
when applied separately. Figure 25 is for base pressure WC show-
ing both training and testing predictions, while Figs. 26 and 27 are

FIG. 24. Prediction of base pressure WoC from BPM 5 during training/testing.
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FIG. 25. Prediction of base pressure WC from BPM 5 during training/testing.

exclusively for wall pressure WoC and WC, respectively. As men-
tioned previously, BPM 5 is the most accurate model obtained
until now as it is predicted very close to the experimental data.
Figure 26 shows the wall pressure data WoC, which depicts a non-
linear behavior. This model BPM 5 has successfully predicted the
training and testing points comfortably. Most of the data point num-
bers can be seen perfectly overlapping. Figure 27 also represents the
same for wall pressure WC.

Figure 28 shows the training of BPM 6 when both the pressures
are combined WC and WoC. It can be imagined how huge these data
will be as it is the last possible combination. Due to the increased
size of data, the model BPM 6 has trained even better than BPM 6,
which can be seen from Fig. 28. The trend of both the pressures from
BPM 6 and experimental readings is in perfect agreement. The base

FIG. 26. Prediction of wall pressure WoC from BPM 5 during training/testing.

FIG. 27. Prediction of wall pressure WC from BPM 5 during training/testing.

pressure prediction from BPM 6 shows the ability of how a properly
developed and experimented back-propagation network can easily
give the values with such high accuracy. This analysis has opened a
way further to explore the ability of these models in base drag, and
skin friction associated with the high-speed flows.

In Fig. 29, the testing results from BPM 6 are provided for
both the pressures. It can be noted that the pressure prediction from
the model has very close readings above and below the trend line.
This was not observed with the previous models, which showed a
slightly uncomfortable result. However, with the advent of neural
networks, even the highly fluctuating data were able to be modeled.
The data points used to plot the predicted and desired values are
fewer in number as the plot becomes complicated to understand;
hence, fewer data points are shown for better clarity.

FIG. 28. Training data prediction for base pressure and wall pressure of combined
WC and WoC from BPM 6.
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FIG. 29. Testing of BPM 6 for base pressure and wall pressure of combined WC
and WoC.

V. CONCLUSION
The base pressure study in a rapidly expanding flow from a

nozzle into an enlarged duct is investigated at sonic and supersonic
Mach numbers. The other variables for the evaluation of pressure
are NPR, ϕr , and Λr . The presence of actively controlling micro-jets
influenced the flow. The combination of with and without control
was explored. ANN modeling of the huge data was carried out in
detail by developing six back-propagation models. Data visualiza-
tion was also performed. The below conclusions are derived from
the inter-disciplinary analysis:

● The base pressure increases with the increase of Mach num-
ber and is also found to be severely affected by NPR. The
amount of growth in the base pressure is purely a factor
of Mach and NPR. For NPR below the correct expansion,
the base pressure reduces from high to lower due to the
formation of shock waves.

● When the NPR is above the perfect expansion, the base pres-
sure increases for low to high. ϕr and Λr have a marginal
effect on the base pressure. For lower Λr , the pressure
reduces, and for high Λr , the pressure increases magnifi-
cently due to an increase in the size of the primary vortex
at the base.

● Based on NPR for over-expansion, the pressure is higher; for
perfect expansion, it is low; and for under-expansion, the
pressure is again high. The rise and fall of pressure are highly
non-linear.

● With the use of active micro-jets, the base pressure reduces
in the zone of over-expansion and increases in the zone of
under-expansion. The wall pressure remains unaffected by
the employment of micro-jets.

● The data analysis using a heat map revealed some essen-
tial facts. NPR is the most influential parameter to affect the

base pressure, while the lower range and middle range of
Mach numbers (used in this experiment) provide the maxi-
mum base pressure. The heat map also revealed that the area
ratio has minor effects, while the ϕr ratio also significantly
increases the base pressure.

● The highly non-linear data obtained pertinent to the base
and wall pressure is modeled by the back-propagation neu-
ral networks. Six BPMs are developed, and each model
with acceptable prediction gives the pressure data. However,
BMP 5 and BPM 6 are found to be most suitable for both the
pressures, which more accurately predict and are found to
be in excellent agreement with the experimental data.
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