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Abstract

In this paper, the homotopy analysis method (HAM) is compared with the homotopy-perturbation method (HPM) and
the Adomian decomposition method (ADM) to determine the temperature distribution of a straight rectangular fin with
power-law temperature dependent surface heat flux. Comparisons of the results obtained by the HAM with that obtained
by the ADM and HPM suggest that both the HPM and ADM are special case of the HAM.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we consider the temperature distribution along a fin of constant cross-sectional area and ther-
mal conductance at the fin base. In dimensionless form, the problem reduces to the nonlinear boundary-value
problem of a one-dimensional steady-state heat conduction equation for the temperature distribution along a
straight fin, cf. [1,2],
1007-5
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y00 �Mym ¼ 0; ð1Þ
where the prime denotes differentiation w.r.t. x and the dimensionless variable x is measured from the fin tip, y

is the temperature, M is the convective–conductive parameter of the fin and the exponent m depends on the
heat transfer mode (cf. [2,3]). For practical interest the physical values of m are 5/4 and 4/3 for free convection,
704/$ - see front matter � 2007 Elsevier B.V. All rights reserved.

1016/j.cnsns.2007.09.005

rresponding author.
ail address: ishak_h@ukm.my (I. Hashim).

mailto:ishak_h@ukm.my


372 M.S.H. Chowdhury et al. / Communications in Nonlinear Science and Numerical Simulation 14 (2009) 371–378
three for nucleate boiling and four for radiation [1]. For simplicity, we consider the case M = 1, the fin tip is
isolated and therefore the boundary conditions to Eq. (1) can be written as
y 0ð0Þ ¼ 0; yð1Þ ¼ 1: ð2Þ
Fins are extensively employed to enhance the heat transfer between a solid surface and its convective, radi-
ative, or convective radiative surface [4]. In many applications, various heat transfer modes, such as convec-
tion, nucleate boiling, transition boiling, and film boiling, the heat transfer coefficient are no longer uniform. A
fin with an insulated end has been studied by many investigators [5–9]. Most of them are immersed in the
investigation of single boiling mode on an extended surface. Recently, Lesnic [1] applied the standard Adomian
decomposition method to determine analytically the temperature distribution within a single fin with a tem-
perature dependent heat transfer coefficient. Liu [10] found that the Adomian method could not always satisfy
all boundary conditions leading to an error at boundaries. The ADM also suffers the drawback of the need to
calculate the Adomian polynomials which can be difficult. Another analytical method called homotopy anal-
ysis method (HAM) first proposed by Liao in his Ph.D. dissertation in 1992 [11] improved by Liao [12–16] can
be a simple alternative. The application of HAM in nonlinear problems has been presented by many research-
ers, cf. [17–21]. In particular, the HAM was employed for solving the Blasius viscous flow problems [22], non-
linear problems [23], generalized Hirota–Satsuma coupled KdV equation [24], non-homogeneous Blasius
problem [25], unsteady boundary-layer flows over a stretching flat plate [26], decaying boundary layers as lim-
iting cases of families of algebraically decaying ones [27], thin flim flow of non-Newtonian fluids on a moving
belt [28] and derivation of the Adomian decomposition method [29].

In this paper, we apply the homotopy analysis method (HAM) to obtain more accurate temperature dis-
tribution within a single fin with a temperature dependent heat transfer coefficient. For comparison purpose,
we also obtain homotopy-perturbation method (HPM) solutions. The results are compared with the available
exact and the Adomian decomposition solutions of [1].

2. Solution procedure

2.1. HAM solutions

The basic ideas of HAM described in [12–16]. From Eq. (1) and choosing y(0) = C, the solution of Eq. (1)
can be expressed by a set of base functions
fxnjn ¼ 1; 2; . . .g;
in the form
yðxÞ ¼
X1
n¼0

dnx2n; ð3Þ
where dn are to be determined and C 2 (0, 1) an unknown arbitrary constant representing the temperature at
the fin tip is to be determined by imposing the second boundary condition given by Eq. (2).

In HAM, we have the so-called rule of solution expression, i.e. the solution of (1) must be expressed in the
same form as (3). Under the first rule of solution expression and according to the condition y(0) = C, it is
straightforward to choose the initial approximation of y(x) as
y0ðxÞ ¼ C;
and an auxiliary linear operator as
L½/ðx; qÞ� ¼ o2/ðx; qÞ
ox2

;

with the property
L½C1 þ C2x� ¼ 0;
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where Ci (i = 1,2) are constants. From (1), we define a nonlinear operator as
N ½/ðx; qÞ� ¼ o2/ðx; qÞ
ox2

�M/ðx; qÞm:
Using the above definition, we construct the zeroth-order deformation equations
ð1� qÞL½/ðx; qÞ � y0ðxÞ� ¼ q�hHðxÞN ½/ðx; qÞ� ð4Þ
with the boundary conditions
/ð0; qÞ ¼ C;
o/ðx; qÞ

ox

����
x¼0

¼ 0;
where q 2 [0,1] is an embedding parameter, �h is a non-zero auxiliary function, L is an auxiliary linear operator,
y0(x) is an initial guess of y(x) and /(x;q) is an unknown function. Obviously, when q = 0 and q = 1,
/ðx; 0Þ ¼ y0ðxÞ; /ðx; 1Þ ¼ yðxÞ:
Therefore, the embedding parameter q increases from 0 to 1, /(x;q) varies from the initial guess y0(x) to the
solution y(x). Expanding /(x;q) in Taylor series with respect to q one has
/ðx; qÞ ¼ y0ðxÞ þ
Xþ1
n¼1

ynðxÞqn;
where
y0ðxÞ ¼
1

n!

o
n/ðx; qÞ
oqn

����
q¼0

:

If the auxiliary linear operator, the initial guess and the auxiliary parameters �h are so properly chosen, the
above series is convergent at q = 1, then
yðxÞ ¼ y0ðxÞ þ
Xþ1
n¼1

ynðxÞ;
must be one of the solutions of the original nonlinear equation (1), as proved by Liao [12]. Now, we define the
vector
~ym�1 ¼ fy0ðxÞ; y1ðxÞ; . . . ; ym�1ðxÞg:
The nth-order deformation equation is
L½ynðxÞ � vnyn�1ðxÞ� ¼ �hHðxÞRn½~yn�1ðxÞ�; ð5Þ
with the boundary conditions
ynð0Þ ¼ y 0nð0Þ ¼ 0; ð6Þ
where
R1½~y0ðxÞ� ¼ y000 �Mym
0 ;

R2½~y1ðxÞ� ¼ y001 �Mmym�1
0 y1;

R3½~y2ðxÞ� ¼ y002 �M mym�1
0 y2 þ

mðm� 1Þ
2

ym�2
0 y2

1

� �
;

R4½~y3ðxÞ� ¼ y003 �M mym�1
0 y3 þ mðm� 1Þym�2

0 y1y2 þ
mðm� 1Þðm� 2Þ

6
ym�3

0 y3
1

� �
;
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etc., where the primes denote differentiations with respect to x and
vn ¼
0; j 6 1;

1; j > 1:

�

Now, the solution of the nth-order deformation Eq. (5) for n P 1 becomes
ynðxÞ ¼ vnyn�1ðxÞ þ �h
Z x

0

Z x

0

Rnð~yn�1Þdsdsþ c1 þ xc2;
where the integration constants ci (i = 1,2) are determined by the boundary conditions (6). By the rule of coef-
ficient ergodicity, we can obtain, uniquely, the corresponding auxilary function H(x) = 1. Therefore, we have
y0ðxÞ ¼ C;

y1ðxÞ ¼ �
1

2
Cm�hMx2;

y2ðxÞ ¼
1

6
Cm�hM �3ð1þ �hÞx2 þ 1

4
Cm�1�hMmx4

� �
;

y3ðxÞ ¼ �
1

120
Cm�hM 60ð1þ �hÞ2x2 � 10Cm�1�hMð1þ �hÞmx4 þ 1

6
C2m�2�h2M2ð4m2 � 3mÞx6

� �
;

etc.
It is important to note that, in HAM has great freedom to choose the auxiliary linear operator, the initial

guess and the auxiliary parameters �h. When we choose �h = �1 and successively obtain
y0ðxÞ ¼ C;

y1ðxÞ ¼
1

2
CmMx2;

y2ðxÞ ¼
1

24
M2C2m�1mx4;

y3ðxÞ ¼
1

720
M3C3m�2ð4m2 � 3mÞx6;

ð7Þ
etc., which are exactly same as the ADM solution [1]. Hence the nth-order approximation can be expressed by
yðxÞ �
Xn

k¼0

ykðxÞ ¼
Xn

i¼0

diðhÞxi; ð8Þ
is a family of solution expression, in the auxiliary parameter �h, which recover the ADM solution [1] as a special
case �h = �1.

The complete solution (1) as given in (8) is obtained once the constant C is determined by imposing the
second boundary condition given by Eq. (2). Note that the value of C must lie in the interval (0, 1) to represent
Fig. 1. The �h-curves of the 10th-order HAM approximations y00(0) and y0000(0) for several values of m (8) when H(x) = 1.
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the temperature at the fin tip. But, first we need to determine the range of values of �h for which the series solu-
tion (8) is convergent. To do so, we plot the so-called �h-curves of the 10th-order HAM approximation for y00(0)
and y0000(0) for several values of m and H(x) = 1 as shown in Fig. 1. We can see that roughly �1.5 < �h < �0.3.
So, now having determined the range of �h, we can proceed to find C.

2.2. HPM solutions

According to the so-called homotopy-perturbation method (HPM) [30], we construct a homotopy
vðr; pÞ : X� ½0; 1� ! R in Eq. (1) which satisfies
Table
Compa

x

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
y00 � y000 þ pðy 000 �MymÞ ¼ 0; ð9Þ

where y0(x) is the initial guess approximation.

Suppose the solution of Eq. (1) has the form:
yðxÞ ¼ u0ðxÞ þ pu1ðxÞ þ p2u2ðxÞ þ � � � ; ð10Þ

and choose the initial approximation as
u0ðxÞ ¼ y0ðxÞ ¼ yð0Þ ¼ C; ð11Þ

where C is to be determined imposing the second boundary condition given by Eq. (2). Substituting (10) into
(9) and equating the terms with identical powers of p, we get
d2u1

dx2
þ d2y0

dx2
�Mum

0 ¼ 0; u1ð0Þ ¼ 0;
du1

dx
ð0Þ ¼ 0; ð12Þ

d2u2

dx2
�Mmu1um�1

0 ¼ 0; u2ð0Þ ¼ 0;
du2

dx
ð0Þ ¼ 0; ð13Þ

d2u3

dx2
�Mmu2um�1

0 � 1

2
Mmðm� 1Þu2

1um�2
0 ¼ 0; u3ð0Þ ¼ 0;

du3

dx
ð0Þ ¼ 0; ð14Þ
etc.
Solving (12)–(14), we have
u0ðxÞ ¼ C; ð15Þ

u1ðxÞ ¼
1

2
MCmx2; ð16Þ

u2ðxÞ ¼
1

24
M2mC2m�1x4; ð17Þ

u3ðxÞ ¼
1

720
M3mð4m� 3ÞC3m�2x6; ð18Þ
etc., which are also same as the HAM solutions for special case �h = �1, H(x) = 1.
1
rison between the 5-term HAM and the exact solutions for m = 1 and M = 1

Exact 5-term HAM

0.648054274 0.648054390
0.651297246 0.6512973633
0.661058620 0.661058739
0.677436092 0.677436213
0.700593571 0.700593697
0.730762826 0.730762957
0.768245800 0.768245938
0.813417638 0.813417780
0.866730432 0.866730569
0.928717757 0.928717861
1.000000000 1.000000000
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3. Discussion

In Table 1, we show the comparisons between the 5-term HAM solutions and the exact solutions for the
case m = 1 and M = 1. We observe that the results of the 5-term HAM is very close to the exact solutions
which confirm the validity of the HAM. Fig. 2 shows the temperature profiles obtained by HAM for several
assigned values of m for the case M = 1. All the numerical results obtained by the 5-term HAM are exactly
same as the ADM [1] solutions and HPM solutions for special case �h = �1, H(x) = 1. So its means that
the HPM and the ADM is a special case of HAM. But HAM is more general and contains the auxiliary
parameter �h, which provides us with a simple way to adjust and control the convergence region of solution
series. As pointed out by Abbasbandy in [18] one had to choose a proper value of �h to ensure the convergence
Fig. 2. 5-term HAM solutions for different values of m and M = 1, �h = �1, H(x) = 1.

Fig. 3. The �h-curves of the 10th-order HAM approximations y00(0) and y0000(0) for several values of m (8) when H(x) = 1 and M = 2.

Fig. 4. The �h-curves of the 10th-order HAM approximations y00(0) and y0000(0) for several values of m (8) when H(x) = 1 and M = 5.



Fig. 5. 5-term HAM solutions for different values of m and M = 2, �h = �0.9, H(x) = 1.

Fig. 6. 5-term HAM solutions for different values of m and M = 5, �h = �0.8, H(x) = 1.
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of series solution for strongly nonlinear problems and the pertubation method and HPM are not valid for lar-
ger value of M. For the larger value of M Eq. (1) corresponds to strong nonlinearity. So it is more important
to show that the HAM gives convergent series solution for any larger values of M by choosing proper values
of �h. To do so, we consider M = 2 and M = 5 which were not considered in [1]. To choose the proper value of
�h, we plot the �h-curves of the 10th-order HAM approximation for y00(0) and y0000(0) for several values of m and
H(x) = 1 in Figs. 3 and 4, respectively for M = 2 and M = 5. Figs. 5 and 6 represent the 5-term HAM solu-
tions for different values of m when �h = �0.9, H(x) = 1, M = 2 and �h = �0.8, H(x) = 1, M = 5. Similarly, we
can get convergent HAM series solution by choosing the proper values of �h for any larger values of M.
4. Conclusions

In this paper, the power-law fin-type problem was solved via the homotopy analysis method (HAM). The
obtained solutions are more accurate with easily computable terms. Also in HAM we can choose �h in appro-
priate way to ensure the convergence of series solution for strongly nonlinear problems. Comparison with the
exact solution and decomposition method shows that the homotopy analysis method is a promising tool for
finding approximate analytical solutions to strongly nonlinear problems.
Acknowledgements

The authors acknowledge the financial supports received from the Academy of Sciences Malaysia (SAGA
Grant No. P24c/STGL-011-2006), the Malaysian Technical Cooperation Program and the International Isla-
mic University Chittagong, Bangladesh.



378 M.S.H. Chowdhury et al. / Communications in Nonlinear Science and Numerical Simulation 14 (2009) 371–378
References

[1] Lesnic D, Heggs PJ. A decomposition method for power-law fin-types problems. Int Commun Heat Mass Transfer
2004;31(5):673–82.

[2] Liaw SP, Yeh RH. Fins with temperature dependent surface heat flux–I: single heat transfer mode. Int J Heat Mass Transfer
1994;37:1509–15.

[3] Liaw SP, Yeh RH. Fins with temperature dependent surface heat flux–II: multi-boiling heat transfer. Int J Heat Mass Transfer
1994;37:1517–24.

[4] Kern QD, Kraus DA. Extended surface heat transfer. New York: McGraw-Hill; 1972.
[5] Lai FS, Hsu YY. Temperature distribution in a fin partially cooled by nucleate boiling. AIChE J 1967;13:817–21.
[6] Unal HC. Determination of the temperature distribution in an extended surface with a non-uniform heat transfer coefficient. Int J

Heat Mass Transfer 1986;28:2279–84.
[7] Unal HC. A simple method of dimensioning straight fins for nucleate pool boiling. Int J Heat Mass Transfer 1987;29:640–4.
[8] Unal HC. Analytic study of boiling heat transfer from a fin. Int J Heat Mass Transfer 1987;30:341–9.
[9] Unal HC. The effect of the boundary condition at a fin tip on the performance of the fin with and without internal heat generation. Int

J Heat Mass Transfer 1988;31:1483–96.
[10] Liu GL, Weighted residual decomposition method in nonlinear applied mathematics. In: Proceedings of the 6th congress of modern

mathematical and mechanics, Suzhou, China; 1995.
[11] Liao SJ. The proposed homotopy analysis techniques for the solution of nonlinear problems. Ph.D. Dissertation, Shanghai Jiao Tong

University, Shanghai, 1992 [in English].
[12] Liao SJ. Beyond perturbation: introduction to the homotopy analysis method. Boca Raton: CRC Press, Chapman and Hall; 2003.
[13] Liao SJ. General boundary element method for non-linear heat transfer problems governed by hyperbolic heat conduction equation.

Comput Mech 1997;20:397–406.
[14] Liao SJ. Numerically solving nonlinear problems by the homotopy analysis method. Comput Mech 1997;20:530–40.
[15] Liao SJ. An approximate solution technique which does not depend upon small parameters: a special example. Int J Nonlinear Mech

1995;30:371–80.
[16] Liao SJ. An approximate solution technique which does not depend upon small parameters (Part 2): an application in fluid

mechanics. Int J Nonlinear Mech 1997;32:815–22.
[17] Hayat T, Sajid M. On analytic solution for thin film flow of a fourth grade fluid down a vertical cylinder. Phys Lett A

2007;361:316–22.
[18] Abbasbandy S. The application of homotopy analysis method to nonlinear equations arising in heat transfer. Phys Lett A

2006;360:109–13.
[19] Hayat T, Khan M. Homotopy solutions for a generalized second-grade fluid past a porous plate. Nonlinear Dyn 2005;42:395–405.
[20] Liao SJ. Comparison between the homotopy analysis method and homotopy perturbation method. Appl Math Comput

2005;169:1186–94.
[21] Tan Y, Abbasbandy S. Homotopy analysis method for quadratic Riccati differential equation. Commun Nonlinear Sci Numer Simul

doi:10.1016/j.cnsns.2006.03.008.
[22] Liao SJ. An explicit totally analytic approximation of Blasius viscous flow problems. Int J Nonlinear Mech 1999;34:759–78.
[23] Liao SJ. On the homotopy anaylsis method for nonlinear problems. Appl Math Comput 2004;147:499–513.
[24] Abbasbandy S. The application of homotopy analysis method to solve a generalized Hirota–Satsuma coupled KdV equation. Phys

Lett A 2006;15:1–6.
[25] Allan FM, Syam MI. On the analytic solution of non-homogeneous Blasius problem. J Comput Appl Math 2005;182:362–71.
[26] Liao SJ. Series solutions of unsteady boundary-layer flows over a stretching flat plate. Stud Appl Math 2006;117:239–63.
[27] Liao SJ, Magyari E. Exponentially decaying boundary layers as limiting cases of families of algebraically decaying ones. ZAMP

2006;57(5):777–92.
[28] Sajid M, Hayat T, Asghar S. Comparison between the HAM and HPM solutions of tin flim flow of non-Newtonian fluids on a

moving belt. Nonlinear Dyn, in press. doi:10.1007/s1107-006-9140-y.
[29] Allan FM. Derivation of the Adomian decomposition method using the homotopy analysis method. Appl Math Comput, in press.

doi:10.1016/j.amc.2006.12.074.
[30] He JH. Homotopy perturbation technique. Comput Meth Appl Mech Eng 1999;178(3/4):257–62.

http://dx.doi.org/10.1016/j.cnsns.2006.03.008
http://dx.doi.org/10.1007/s1107-006-9140-y
http://dx.doi.org/10.1016/j.amc.2006.12.074

	Comparison of homotopy analysis method and homotopy-perturbation method for purely nonlinear fin-type problems
	Introduction
	Solution procedure
	HAM solutions
	HPM solutions

	Discussion
	Conclusions
	Acknowledgements
	References


