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ABSTRACT

Piezoelectric actuators have been widely used in structural control
applications of automotive and aerospace engineering. The numerical and
experimental tests show that the linear model applies only to the low electric
field where piezoelectric material properties are independent of the electric
field whereas at the high electric field the performance of the actuator
deviates from the linear model. Investigating the effects of the nonlinear
piezoelectric parameters is crucial for the accurate analysis, design, and
operation of piezoelectric structures operating under high electric fields. This
paper provides a finite element model based on higher-order shear
deformation theory to analyse the effect of considering higher-order non-
linear piezoelectric constitutive equations on the static analysis of composite
laminated plates at high electric fields. The composite laminated plate bonded
with piezoelectric actuators at the top and bottom is used to determine the
effect of considering electro-striction and elasto-striction coefficients in the
piezoelectric constitutive equation. The applied electric potential in the
piezoelectric composite plates is taken to be a linear function across the
piezoelectric layer. To determine the non-linear effect in the piezoelectric
composite laminated plate under a high electric field, a static analysis is
performed by varying the orientation of composite layers and boundary
conditions of the plate. The accuracy of the present finite element formulation
is validated by comparing it with existing results from the literature. The
results of static analysis highlight the importance of considering both higher-
order non-linear piezoelectric coefficients in finding the deflection and
stresses of composite laminated plates.

Keywords: Elasto-striction, Electro-striction, Composite plate, Piezoelectric
structure, Finite element model

I. INTRODUCTION

Application of composite materials is rapidly
increasing due to improved stiffness, weight
reduction, greater durability, toughness and design
flexibility [1-3]. Due to performance characteristics
i.e., better stiffness and lightness, laminated
composite structures such as composite plates

attracted engineers in the fields of marine, aerospace,
automotive, civil, electrical, mechanical and
structural engineering [4,5]. Laminated composites
are transformed into smart structures by integrating
piezoelectric layers, which possess both electrical
and mechanical characteristics, enabling them to
transform electrical energy into mechanical energy
by generating mechanical strain in response to
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electrical voltage (reverse piezoelectric effect).
Conversely, they can also convert mechanical
energy into electrical energy by producing charge
when subjected to stress (direct piezoelectric effect).
Piezoelectric materials having the benefit of electro-
mechanical coupling, rapid response, and high
output force can act as actuators and sensors in
engineering structures [6,7], which makes them
suitable for combining with composite materials.
Piezoelectric actuators being inexpensive, compact,
and lightweight can be easily shaped and integrated
with different surfaces, these special characteristics
enable them for application in active noise control
and vibration control [8].

Various researchers have conducted static,
dynamic and vibration studies of piezoelectric
laminated structures considering linear
characteristics of piezoelectric materials where the
strain is linearly related to the applied electric field
and their material properties are independent of the
electric field. However, this is only applicable to
homogeneous piezoelectric materials with weak
piezoelectric coupling under low electric field
applications. Piezoelectric actuators with strong
piezoelectric coupling are commonly employed to
transmit force at comparatively high electric fields,
necessitating the consideration of material non-
linearity in the structural analysis of piezoelectric
laminates because of the high electric field [9,10].
Wang et al. [8] experimentally show the non-linear
performance of cantilevered uni-morph, bimorph
and RAINBOW actuators on applying high electric
fields. Masys et al. [11] & Kugel and Cross [12]
examined theoretically as well as experimentally the
non-linear behavior of piezoelectric ceramics under
high sinusoidal electric fields and stress-free
conditions. Other works [13-16] have reported
similar findings about the non-linear characteristics
of piezoelectric materials when high electric field is
applied. Yao et al. [17] used classical laminate
theory to examine the electro-elastic and electro-
strictive properties of cantilever piezoelectric
actuators. Thornburgh & Chattopadhyay [18] used
refined shear deformation theory to incorporate non-
linear piezoelectric characteristics into the electro-
mechanical model. Wischke et al. [19] calculated the
elasto-striction and the electro-striction values of
PZT actuators by curve-fitting the experimental
results of a cantilevered bimorph.

A mathematical derivation based on
thermodynamic Gibbs potential to incorporate the
electro-striction and elasto-striction coefficients in
the non-linear constitutive equation is provided by
Joshi [20]. Arafa and Baz [21] proposed non-linear
piezoelectric characteristics and experimentally
investigated the second-order  non-linear
relationship of piezoelectricity. Tiersten [22]
presented non-linear electro-elastic equations that
are rotationally invariant for high electric fields with
small strain. Chattaraj & Ganguli [23] conducted a
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non-linear analytical analysis to investigate the
electromechanical behavior of a piezoelectric
bimorph cantilever under a strong electric field,
incorporating second-order constitutive equations
for the piezoelectric material. In a subsequent study,
Chattaraj & Ganguli [24], extended this non-linear
model to examine the response of a piezoelectric
bimorph actuator, considering the effect of the self-
induced electric displacement field. They further
employed the same non-linear high electric field
model to demonstrate the enhanced performance of
the piezoelectric bimorph actuator with a tapered
geometry [25]. An experimental study was
conducted by Ahoor et al. [26] to evaluate the
dynamic behavior of a piezoelectric cantilever
bimorph, considering material non-linearity.

Liu et al. [27] presented a point interpolation
using first order shear deformation theory (FSDT)
for static analysis of a piezo-actuated composite
laminated plate, considering a linear piezoelectric
constitutive model. Phung-Van et al. [28] studied the
static and dynamic control of composite laminated
piezoelectric structures using the linear constitutive
model. On the other hand, Kapuria & Yasin [29]
conducted a static analysis of piezo-actuated
composite laminates using a layer-wise finite
element model considering the non-linear electro-
strictive effects under high electric fields and further
extended the model to control the vibration of plates
and shells [30,31]. Rao et al. [32] performed the
static analysis of piezoelectric laminated plates and
shells considering the non-linear properties of
piezoelectric materials at strong electric field. Zhang
et al. [33] developed a geometrically non-linear
finite element model including a non-linear
piezoelectric constitutive equation when a large
electric field is applied to a piezoelectric laminated
structure.

The literature review shows that most of the
published studies focused on just one type of
nonlinearity at high electric fields, i.e., either
addressing electro-strictive or elasto-strictive effects,
with only a limited number of publications
examined the effect of both non-linear electro-
striction and elasto-striction coefficients on
piezoelectric actuators. Recently, Sumit et al. [34—
36] performed the static analysis of a piezo-ceramic
actuator in bending mode when subjected to a strong
electric field using a non-linear constitutive equation
and determined the electro-strictive and elasto-
strictive coefficients for piezo-ceramic by curve
fitting the experimental result with analytical
derivation. A study of piezoelectric composite
laminated beams under strong electric fields using
higher order shear deformation theory (HSDT)
showing the effects of both non-linear terms was
performed by Adnan et al. [37]. The present work
addresses the effect of non-linear characteristics, i.e.,
electro-strictive and elasto-strictive parameters of
piezoelectric actuators on the behavior of composite
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laminated plates at high electric fields. A finite
element model with eight-node quadrilateral
elements based on higher-order shear deformation
theory is used to perform the static analysis of a
piezoelectric composite laminated plate. The present
formulation is validated with the existing
experimental and numerical results of previous
literature.

II. MATHEMATICAL MODELING FOR
PIEZOELECTRIC COMPOSITE PLATES

This section presents the mathematical
formulation of a piezoelectric composite plate by
considering a laminated plate, as shown in Figure 1.

st |y 7
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v

Figure 1 Piezoelectric Composite Laminated Plate with actuator bonded at the top and bottom surface

The laminated plate is assumed to consist of
elastic and orthotropic layers with piezoelectric
actuators bonded to the top and bottom of the
composite laminates, where the electric field acts
along the thickness direction of the actuators to
enable actuation.

Sij

1 1
— o o
Dk - dklmalm + Ekann + EKklmpqo-lmeq + EanrEnEr + dklmno-lmEn

where ¢;; and oy, is the induced strain and the
stress in the piezoelectric component, E,,E, are
the applied electric field, S/, is the elastic
compliance, d;j, and eg,, is the piezoelectric
strain and dielectric constant, Sil;lmpq is the
nonlinear elastic compliance, d;jp, is the electro-

[ S11 Sz Oxx dx dzzx
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2.1 Non-linear Piezoelectric  constitutive
equations
Joshi [20] uses the thermodynamic Gibbs
potential and the Taylor series expansion up to the
second order to calculate the nonlinear strain in

piezoelectric actuator:
(M

2)

striction coefficient, K;jm, is the elasto-striction
coefficient and y7,, is a non-linear dielectric
permittivity coefficient.

The equation for the strain can be given by
applying the nonlinear strain expression:

Kyzx 0 07 [9xx
0 Kzzy Ol Oyy Ez (3)
0 0 0llTxy
0 0 07[%x
0 0 0] Oy | E, )
dzzx dzzy 0 Txy
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The non-linear piezoelectric equation can be
represented in matrix form as follows:
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Here [S] is the non-linear elastic compliance,
[d] is the non-linear piezoelectric strain constant, [Q]
is the non-linear material stiffness constant, and [e]

€1 _[S di[o 5 is the non-linear piezoelectric constant considering
[D] - [d e] [E ] ®) the non-linear electro and elasto-striction
coefficients. These non-linear electrical and
[0] _ [Q —e] [s] ©) mechanical properties of piezoelectric actuators are
DI~ le ellE given by:
=1 = TVaz — TV 1 - L
S11 = 5’ Sz = 5 Sy = 5, Sy2 = 5 and  Se6 = s (5a)
1
S11 + KzzxEy Si2 0 dyx + Edzszz
S = 81 So0 + KzzyEz 0 and d = d,, + ldzz E, (5b)
0 0 See O
0
Qi1 @12 0 €zx
Q=1|0Qa Q2 O and e= |€zy (6a)
0 0 Qe 0
1 1
where €zx = Qll (dzx + ;dzszz) + Q12 (dzy + EdzzyEz) (6b)
and ezy = QZl (dzx + %dzszz) + Q22 (dzy + %dzzyEz) (60)

2.2 Displacement field formulation using HSDT
Using the Reddy plate model of higher-order
shear deformation theory [38], the displacement

field equations for the composite laminated plate
through the thickness is given as:

473 ow.
u(,y,2) = up(0,y) + 20,0 Y) — (g, + 22 ()
473 ow
v(6,7,2) = V(6 Y) + 29y () 1 (py + 5 ®)
w(x,y,z) = wo(x,y) ©) Exx Exx Koy . KLy
° o 4z 1
Eyyrt =< & +2z<{kK ——<K (10)
) vy vy
where uy, vy, and w, denotes the mid-plane {y } v e 3h? |
. . xy Exy Kyxy Ky
displacements at any point (x, y, 0). @, and @,
represents the rotation along the x and y axis . 1
. . . ]/yz _ gyz 472 Kyz
respectively. In general, the laminate is made up of { } =13t (11)
orthotropic layers, and the transverse shear stresses Vxz Ezx h* (Kzx
on the top and bottom layers will be zero. The
. . . ow ow
transverse shear strains and stresses present a Here, considering 6, = P and 0,, = >
quadratic function of the thickness of laminate; Y
therefor.e, the use of shear correction factors will not £ = auo &2 av, o dup | v, 0
be required. XX px ? VYT gy P XY T 5y 1 oax (10a)
For bending of a 2-D plate the strain
1 i ° ow o ow
components of the plate in terms of displacement &:= 5 + Py Erx =2t Py (11a)

field are given as:

o _ 0@y o _ Opy o _ 0oy , 09y
Kax = 50 Kyy = 5 Kyy = o T (10b)

1 _ 0px , 06y 1

a6, )
Kox = ax + ax’ Kyy

% 1 _6¢x+ +aﬂ+a_y
dx ox

ay’ ny = E oy (IOC)

_ Oy
=% +
(11b) 2.3 Energy formulation

In piezoelectric structure, the total strain energy
is equivalent to the sum of mechanical strain energy

Kglzz = @yt ey' K;x =@+ 0,
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and the electric field potential energy [39] and is
expressed as:

1 1
U=:/[,oedv—[DEdv (12)
where v represents the element volume. Upon
substituting Equation (6) into Equation (12), the

total strain energy of the piezoelectric structure is
expressed as:

U =~ loc — DE] dv (13)
U= %fv[(Qe — eE)e—(ec+ e E)Eldv  (14)
U=~ (Qe? — 2eEe — eE?)dv (15)

2.4 Finite Element Formulation

Ny 0 0 0 0 0 0
0N 0 0 0 0 0

0 0N O 0O 0 0
[Nl]=|l0 0 0 N, O 0 O
00 0 0 N 0 0

0 0 0 0 0 N, 0

o0 0 0 0 0 0 N,

The strain {g,} associated with the element is
written as:

where:

{‘g—b}=[€;x g;y g;y K;x K;y K;y Kalcx Kjlzy Kylcy]T

10 0 z 0 0 —¢2z8 0
Z,)]=10 1 0 0 z O 0 —c,z3
0 01 0 0 =z 0 0

The generalized strain {£,} at any point in the
element can be expressed as:

where
"%000000
0‘%0000
‘%‘%00000
0 0 02 o o o
dx
JdN
By=|0 0 0 0 T 0 o0
AN, N
0 0 0% 0 o0
Ny N,y
0 0 022 0 22 o
N,y aN,
0 o0 o0 0 Z2 o T
N, 9N, 9N, ON;
0 0 03 % & o

coococooZX

—c,z3

An eight-node two-dimensional quadratic
quadrilateral iso-parametric element with seven
generalized displacement vectors

T -
[Uoi Voi Wi @Pxi Pyi Oy 0] is used to
discretize the whole plate into a finite number of
elements and the nodal displacement vector at each
node can be expressed as:
{u} =[w ug]” (16)

Interpolating the nodal displacement, the
generalized displacement vector at any point in
terms of shape function can be expressed as:

{u} = [N] {u®} (17)
where: [N] = shape function matrix
0 0 0 0 0 O0F
N, 0O 0 0 0 O
0O N, 0 0 0 0
0O 0 N, O 0 0 (172)
0 0 0 N, 0 0
0 0 0 0 N, O
0 0 0 0 0 N,
gxx
{53/31} = [Z,'[{&, Hu} = [N] {u®} (18)
Yxy
(18a)
(18b)
{&} = [Bp[{u®} (19)
M 9 0 0 0 0 0]
ax
o W 0 0 0
oy
dNg ONg
TEC20 0 0 0 0
0o 0 0 2 o o o
ax
aNg
0 0 0 0 2 0 0 (192)
dNg  ONg
0 0 0 Z® 0 0
aNg aNg
0 0 022 0 2= 0
aNg aNg
0 0 0 0 0 0 7
dNg ONg ONg ONg
0 0 0 = % o ol
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The transverse shear strain {e,} associated
with the element is written as:

)/yZ _ ! —
() = 1218} (20)
where
{&} = [‘g;x g;z K;x K}/Z]T (20a)
AN,
0022 N 0 0 0
Ny
B)=[0 05X 0 N 0 0
00 0 N O N, 0
00 0 0 N 0 N

As a linearly varying electric potential is
applied along the thickness of the piezoelectric layer,
the electric field can be given in matrix form as:

0
Ey=|9 (22)
%
{E} = [By][9] (23)
where
0
[Bol = | O, (24)
t

(KT, = [, 7 [Bo]" ([ 12, 17Qp (2, 1d2) [By]detj dSdn

[Kls = [2, [L[BJT(J1Z,17Q;[2,'1d2) [Bsldet]d{dn

[Kly = [*, [, [B,]7([12,'1" [eldz) [By)det]dSdn

1 1

[fel=J_, J_,IN]"q detjdldn (30)

The global stiffness matrix will be formed by
meshing the elemental stiffness matrices,
considering seven mechanical and one electrical
degrees of freedom. The equation of motion is
expressed in terms of the global stiffness matrix as
follows:
{[K]» + [K]s}w] — [K]p[@] = [f]
where [K],, [K]s, [K]p and [f] are global stiffness
matrices for bending, shear electrical and

mechanical load respectively. The deflection at each
node can be solved by using Equation (31) which

€2))

oo © o
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01 0
1 0

—c,z?

20b
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The generalized strain {£;} at any point in the
element can be expressed as:

{&} = [Bs){u°} (21)
where:

aNg

— Ng 0O 0 O

AN,

a_ys 0 Ng 0 O (21a)
0 Ng O Ng O

0 0 Ng O Ng

2.5 Principle of Virtual Work

The stiffness matrices are obtained by applying
the principle of minimum potential energy using the
principle of virtual work for piezoelectric plates with
the total potential energy is expressed as:
[1=3U~-3%fu.— [, $QdA (25)

The total potential energy is minimum when its
first variation is equal to zero in terms of nodal
displacement.

L= TS~ S =Y fue = 0 (26)

Jue due
The stiffness matrices for bending, shearing,

electrical and uniformly distributed load are
obtained after solving this equation:

27
(28)
(29)
of

can be further used for stress

piezoelectric laminated plate.

analysis

I1l. RESULTS AND DISCUSSION

3.1 Validation of the present model with
cantilever and simply supported plate with
linear piezoelectric constitutive relation

The present finite element model with linear
constitutive equation is validated by considering a
cantilevered composite laminated plate analyzed
using FSDT [27] and CLT [40]. The square plate
with length and width of 20 cm, consists of
T300/976 graphite—epoxy composite layers stacked
in the sequence (p/—45"/45 /—45 /45" /p), and
has symmetrically bonded piezoelectric ceramics
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(PZT G-1195) on its upper and lower surfaces. The the deflection is calculated using a linear
composite plate has a total thickness of 1 mm, with piezoelectric constitutive equation.

each piezo-layer having a thickness of 0.1 mm. The

plate is discretized wusing 8-node quadratic n

quadrilateral iso- parametric elements, as shown in 4 +
Figure 2, with a mesh consisting of 400 elements 1,0 6
arranged in a 20x20 configuration for numerical
analysis.

The material properties used in the analysis are
listed in Table 1. When an electric potential of 10V Se 3
is applied through the distributed actuators, the
centre-line deflection is computed and presented in
Figure 3, to demonstrate the accuracy of the linear

5
(11)

model. Figure 4 presents the variation of deflection 11 N (1,-1)

at the centre-line free end as the electric potential 1 2 3

increases from 0 to 60 V. The plot of the centre-line

deflection of the plate against the input voltage of Figure 2 Eight-node quadratic element with
the actuator is found to have a linear relationship as Jacobian coordinates

0 = T T T T T T T T

———— Present HSDT

. FSDT (Liu el al., 2004)
3 CLT (Lam et al., 1997)

Deflection (mm)
S S
w [

s
>

06 L L L L L
0 20 40 60 80 100 120 140 160 180 200

Distance x (mm)
Figure 3 Centreline deflection of cantilever plate on applying 10 V electric potential

0+ T T T T T

N —%— HSDT Present
X CLT (Lam et al., 1997)
05 - FSDT (Liu et al., 2004) |
A 4
E
East
c
2
g
s -2r
[
a
251
3
a5 \ \ . . . J
0 10 20 30 40 50 60

Actuator Voltage (V)
Figure 4 Variation of centre-line free end deflection against actuator input voltage
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To further validate the linear constitutive model
a simply-supported laminated composite plate made
of graphite-epoxy (T300/976), actuated by PZT (G-
1195) piezoceramic [27,28] is considered. The
material properties are listed in Table 1 and the plate
has dimensions of 20cm X 20cm , with
piezoelectric material bonded to the top and bottom
surfaces, where each piezoelectric layer has a
thickness of 0.1 mm, and each composite layer is
0.25 mm thick. The laminated plate is subjected to a
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varying input voltages of 0V, 5V and 10V. The
centerline  deflections for symmetric and
antisymmetric plates with fibre orientations of
(/=15/15)qs,  (p/=30/30)es,  (p/—45/
45),s and (p/—45/45), are shown in Figure 5,
while the deflection at the mid-point of the simply
supported plate is presented in Table 2. The
deflection values obtained using the current model
presented here match well with the previously
published results with errors being less than 5%.

uniform load of g = 100 N/m?

along with

Table 1 Material properties (E; , G;; in GPa and d;; in 107 mV 1)

Material E, E, E; G,3 G13 G2 Vg3 V13 V12
PZT 3203 HD [8] 60.24 60.24 | 47.619 | 19.084 | 19.084 | 24.04 | 0.494 0.494 0.253
PZT G1195N [29] 63 63 63 24.2 24.2 24.2 0.3 0.3 0.3

T300/976 [29] 150 9 9 2.5 7.1 7.1 0.3 0.3 0.3
PZT APC 850 [34] 63 63 63 24.05 24.05 | 24.05 0.31 0.31 0.31
Al [29] 70 70 70 26.92 26.92 | 26.92 0.3 0.3 0.3
Silicon [34] 166 166 166 65.9 65.9 65.9 0.26 0.26 0.26
d3, ds; ds;3 d33; (M?V72) K33 (MPN~'V)
PZT3203HD[8] | -320 | -320 -520 x 1078 -
PZT G1195N [29] -254 -254 -165 x 10718 -
PZT APC 850 [34] -175 -175 -1210 x 10718 -6.3 x 10717

Table 2 Central node deflections of the simply supported laminate under uniform loading and different

actuator input loads (X 10™*m)

Input Voltage Layer scheme Liu et al. [27] Present error (%)
0 (p/—45/45), -0.6038 -0.62965 4.281219
0 (p/—45/45)4s -0.6217 -0.6462 3.940807
0 (p/—30/30)4s -0.6542 -0.6809 4.081321
0 (p/—15/15) 4 -0.7222 -0.7535 4.33398
5 (p/—45/45), -0.2717 -0.28413 4.574899
5 (p/—45/45)4s -0.273 -0.2835 3.846154
5 (p/—30/30)4s -0.2862 -0.29794 4.102027
5 (p/—15/15) 4 -0.3134 -0.3282 4.722399
10 (p/—45/45), 0.0604 0.06314 4.536424
10 (p/—45/45)4s 0.0757 0.07925 4.689564
10 (p/—30/30) s 0.0819 0.08503 3.821734
10 (p/—15/15)4s 0.0954 0.09728 1.97065
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3.2 Validation of the present Non-linear model
using simply supported bimorph plate and
cantilever uni-morph
The effect of the electro-strictive coefficient on

beam deflection is validated using the cantilever

bimorph experimentally analyzed by Wang et al. [8].

It consists of a soft PZT (3203 HD) with two

actuator layers, each having a thickness of 0.5 mm

and dimensions of 35 x 7 mm, actuated with

opposite polarity. The linear and nonlinear
properties of PZT (3203 HD) are provided in Table

1 and the comparison of linear and non-linear tip

deflections against varying electric fields, with the

experimental results from Wang et al. [8] is
presented in Figure 6. The analysis is performed
using the current finite element formulation, which
employs a 20 x 20 element mesh with 8-node
quadratic quadrilateral iso-parametric elements. The
results demonstrate that the predictions from the

Mohd Sultan Ibrahim Shaik Dawood
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present non-linear model agree well with the
experimental measurements. Furthermore, the tip
deflection obtained using the non-linear constitutive
equation shows a significant deviation from the
linear predictions at higher actuation fields
highlighting the importance of accounting for non-
linear effects.

Considering the effect of the non-linear electro-
striction coefficient at a large electric field, a simply
supported plate composed of aluminium substrate
with PZT (G-1195) piezoceramic layers bonded to
its top and bottom surfaces was studied by Kapuria
& Yasin [29] and Yao et al. [41]. The plate has a
length and width of 40 mm, with a total thickness of
0.75 mm. The deflection at the midpoint of the
cantilever plate, calculated using the formulation for
both linear and non-linear piezoelectric constitutive
relations is presented in Figure 7. The results show
good agreement with previously published data.

1

0.18 T
—+— Linear (Present)
016l [— Non-linear (Present)
Linear (Kapuria et al., 2013)
——=a—— Non-linear (Kapuria et al., 2013)
0.14 | [———— Linear (Yao et al., 2004)
Non-linear (Yao et al., 2004)
£
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Figure 7 Variation of mid-point deflection of simply supported bimorph plate with aluminium substrate
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Figure 8 Variation of tip deflection of cantilever uni-morph plate with increasing electric potential.
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To wvalidate the non-linear effects of both
electro-strictive and elasto-strictive coefficients
under high electric fields, a PZT (APC 850)
cantilever uni-morph beam with dimensions of 23 x
3 mm is considered. The piezoelectric actuator has a
thickness of 0.3 mm and is bonded to a 0.675 mm
thick silicon elastic layer. The material properties of
the cantilever uni-morph are provided in Table 1.
Figure 8 presents the tip deflection results based on
both linear and non-linear piezoelectric equations,
with the results showing good agreement with the
findings of Sumit et al. [34] and Adnan et al. [37].

3.3 Non-linear Analysis of piezoelectric composite
laminated plate

The effect of elasto-striction and electro-
striction non-linear parameters is investigated using
symmetric cross-ply and anti-symmetric angle-ply
composite laminated plates with different end
conditions.

A simply supported square laminated
composite plate with symmetric cross-ply and anti-
symmetric angle-ply configurations is considered.
The laminate consists of four layers of graphite-
epoxy substrate bonded to two outer layers of PZT
APC  (850) piezoceramic  material, with
corresponding material properties provided in Table
1. The plate has a span length of 200 mm and a
thickness ratio of [/h = 10. The thickness of each

convergence for (p/-45°/45°/-45°/45°(p)
T T T T T

27 T

N N N N
[ o * o o
o S > o 3
T

deflection (pm)

[N
L &
@

256

25471 \'\.; *

25.2

Number of elements

(@)
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deflection (pm)

non-piezoelectric composite layer is 0.2 h and the
thickness of each piezo-layer is 0.1 h. The fiber
orientations considered are (p/—45"/
45%) . and (p/0°/90")s . The plate is modeled
using 8-node iso-parametric quadratic finite
elements based on higher-order shear deformation
theory. A convergence test is performed to determine
the minimum number of elements required to
accurately predict the behavior of the composite
laminate under piezoelectric actuation. The results
of the transverse deflection of the composite
laminated plate are presented in Figure 9, which
demonstrates that the transverse deflection
converges for both antisymmetric angle-ply and
symmetric cross-ply configurations after using 400
elements, corresponding to a mesh size of 20 X
20.

When an increasing electric field from 0 to 700
V/mm is applied across the simply supported anti-
symmetric angle-ply composite laminate, the
variations of linear and non-linear central deflection,
normal stress in both the piezoelectric and
composite layers, as well as in-plane shear stress at
the top of the piezoelectric layer are presented in
Figure 10. The results are presented by considering
the electro-striction coefficient alone, the elasto-
striction coefficient alone, and both the non-linear
terms.

convergence for (p/0°/90°/90°/0°/p)

314 T
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Figure 9 Convergence plot of (a) anti-symmetric angle-ply laminates and (b) symmetric coss-ply

laminates

The effect of elasto-striction is more dominant
in the normal stress of the piezoelectric layer than in
the deflection, normal stress and in-plane shear
stress in the composite layer, due to the reduction in
elastic property of the PZT layer. Moreover,
applying a positive electric field reduces the elastic
properties of the piezoelectric material, due to
elasto-striction term, which results in a decrease in

deflection and stresses. Equation (6) shows that the
elastic properties increase with the application of an
increasing negative electric field, resulting in higher
deflection and stress values, highlighting the need to
include higher-order non-linear piezoelectric terms
for an improved and more accurate static response.
The elastic property may increase or decrease with
the application of a negative or positive electric field
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however, the effective piezoelectric strain produced in the piezoelectric layer is quadratic
coefficient increases with a positive or negative variation of the electric field, therefore the absolute
electric field, as explained by Kapuria & Yasin [29] value of the electric field is considered.
. 1 .
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Figure 11 Variation of (a) central deflection, (b) Normal stress in Piezo-layer o}, (0.5a,0.5b,0.5h), (C)
Normal stress in the Elastic layer ¢£,(0.5a,0.5b,0.4h) and (d) In-plane shear stress at the top layer
T,y(a, 0.5b,0.5h) for symmetric cross-ply laminates

Figure 11 illustrates the impact of incorporating
higher-order non-linear coefficients on deflection,
normal stresses, and in-plane stresses when a
positive electric field is applied across the
piezoelectric layers of a symmetric cross-ply
laminate.

The results demonstrate that the inclusion of
the elasto-striction coefficient enhances the
accuracy of deflection and stress predictions. The
elasto-striction coefficient significantly influences
the bending stiffness, which decreases with a
positive electric field and vice-versa. Additionally,
the deflection and stress values are observed to be
higher for symmetric cross-ply laminates compared
to antisymmetric angle-ply laminates, attributed to
the reduction in bending stiffness in the latter
configuration.

3.4 Non-linear analysis of composite laminated

plate under different end conditions

The effects of non-linear piezoelectric
parameters are studied using an anti-symmetric
angle-ply and symmetric cross-ply composite
laminated plate with different end conditions as
shown in Figure 12. The analysis considers a square
piezoelectric composite laminated plate with a span
length of 200 mm and a moderate thickness ratio of
l/h = 10, consisting of four layers of graphite-
epoxy substrate bonded to two outer layers of PZT
APC (850) piezoceramic material with linear and
non-linear material properties are listed in Table 1.
The thickness of each composite layer is 4mm, while
each piezoelectric layer has a thickness of 2 mm.
The fibre orientation for the angle-ply and cross-ply
laminates are (p/—45 /45 )4 and (p/0°/90")
and an electric field varying from 0 to 700 V/mm
is applied across the top and bottom piezoelectric
layers.

b ]
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(b)
Figure 12 Symmetric cross-ply piezoelectric laminated composite plate with (a) cantilever end condition
and (b) clamped simply supported end condition
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Figure 13 Variation of (a) transverse deflection at (a,0.5b,0), (b) Normal stress in Piezo-layer
al. (a,0.5b,0.5h), for cantilever anti-symmetric angle-ply piezoelectric laminate
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The plot of deflection and stresses against
varying electric fields is used to study effect of the
non-linear terms. For anti-symmetric angle-ply,
Figures 13, 14 and 15 presents the variation in
transverse deflection, normal stress and in-plane
shear stress under two boundary conditions: (a) a
cantilever end condition (clamped at x = 0, with all
other edges free) and (b) a clamped simply
supported end condition (CSCS), where the edge at
x = 0,1 is clamped, and the remaining edges are
simply supported along the x -axis. Figures 16,
17and 18 presents the variations in deflection,
normal stress and in-plane shear stress for the
symmetric cross-ply laminate configuration.
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The results also reveal that the deflection is
higher in an anti-symmetric angle-ply laminate with
a cantilever end condition, due to the coupling
between bending and extensional stiffness. In
contrast, for more constrained boundary conditions,
such as clamped or simply supported end conditions,
the deflection is greater in cross-ply laminates. This
difference arises because the piezoelectric actuation
occurs along the ply orientation angle in cross-ply
laminates, enhancing the deformation response. The
comparison of deflection and stress plots for the two
end conditions indicates that as the end conditions
become more constrained, the plate becomes stiffer,
which increases the impact of elasto-striction.
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Figure 16 Variation of (a) transverse deflection at (a,0.5b,0), (b) Normal stress in Piezo-layer
al. (a,0.5b,0.5h), for cantilever symmetric cross-ply piezoelectric laminate
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clamped simply supported symmetric cross-ply piezoelectric laminate

3.5 Deflection stress distribution of composite

laminated plate along the thickness

To study the combined effect of considering
both non-linear coefficients, an anti-symmetric
angle-ply laminate and a cross-ply piezoelectric
laminate with a length to thickness ratio of [/h =
10 are considered. Applying an electric field of
700 V/mm , the distribution of longitudinal
displacement, normal stress and in-plane shear stress
along the thickness of the plate is plotted in Figure
19. The figure shows the difference in linear and
non-linear response of displacement and stresses.
The distribution of non-linear normal stress reveals
significantly lower stress values in the piezoelectric

layer due to the reduction in elastic properties
influenced by the elasto-striction coefficient, while
slightly higher values of normal stresses are
obtained in composite ply due to higher values of
deflection in laminates. The coupling between
transformed extensional and bending stiffness leads
to higher deflection and stress values in the anti-
symmetric laminate compared to the cross-ply
configuration. Additionally, the difference in in-
plane shear stress distribution between the linear and
non-linear piezoelectric constitutive equations is
more pronounced in the piezoelectric layer, as the
deflection variation increases with the distance from
the mid-plane.
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Anti-symmetric angle-ply laminate

Symmetric cross-ply laminate
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The

IV. CONCLUSIONS

paper

investigates the impact

of

incorporating higher-order non-linear terms in the

constitutive equation of a piezoelectric actuator on
the static analysis of a composite laminated plate,
utilizing a finite element model based on higher-
order shear deformation theory. The finite element
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model is validated by comparing the results for
composite laminates under both linear and nonlinear
constitutive equations, using cantilever and simply
supported bimorph as well as uni-morph
configurations. Results of static analysis of the plate
are presented to show the effect of considering
electro-striction and elasto-striction coefficients.
The effect of considering a higher-order non-linear
piezoelectric coefficient is analyzed through
examples with varying laminate orientation and end
conditions. The findings indicate that the inclusion
of the non-linear coefficients is important at high
electric fields, as linear constitutive equations fail to

accurately predict the deflection and stress responses.

The inclusion of the elasto-striction coefficient
influences the elastic properties of the piezoelectric
layers, leading to a reduction in deflection and
stresses in composite laminates. In contrast, the
electro-striction coefficient results in significantly
higher values of deflection and stresses. When both
non-linear coefficients are considered, the deflection
and stresses in the non-piezo composite layer
increase with the electric field, compared to the
linear deflection and stresses, whereas in the
piezoelectric layer, normal stresses decrease due to
a reduction in the elastic properties of the
piezoelectric material at high electric fields. Higher
deflection and stresses are observed in anti-
symmetric angle-ply laminates compared to
symmetric cross-ply laminates under cantilever end
conditions, due to the coupling between extension
and bending stiffness. However, when the end
conditions are constrained, symmetric cross-ply
laminates exhibit more deflection than anti-
symmetric angle-ply laminates, as the actuation in
the piezoelectric layer occurs along the ply
orientation angle. The results of static analysis of the
piezoelectric actuated composite laminated plate
show that non-linear piezoelectric coefficients
cannot be ignored. The use of non-linear coefficients
can be further analyzed for vibration and dynamic
control of piezoelectric laminates with different
orientations and end conditions.
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