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Abstract: Active repair systems employing piezoelectric (PZT) patches have emerged as promising
solutions for mitigating crack propagation and enhancing structural integrity in various engineering
applications. However, the existing literature predominantly focuses on the application of PZT
patches for repairing structures under mechanical loading. In this study, a finite element analysis
(FEA) is employed to investigate the repair of a centre-cracked aluminium plate under both mechani-
cal and thermo-mechanical loading conditions. This study explores the influence of key parameters,
including temperature, PZT patch thickness, type of PZT material, adhesive material, and adhesive
thickness, on the structural integrity and crack propagation behaviour. The results reveal significant
differences in stress distribution and crack propagation tendencies under varying loading conditions
and parameter settings. These findings emphasize the necessity of considering thermo-mechanical
loading conditions and parameter variations when designing effective active repair systems. In con-
clusion, this study provides valuable insights into optimizing PZT patch-based repair strategies for
improved structural integrity and crack mitigation in aerospace and other engineering applications
under diverse loading scenarios.

Keywords: PZT; actuators; stress intensity factor; crack repair; plate

1. Introduction

In the ever-evolving fields of structural engineering and material science, the pursuit
of resilient, adaptive methodologies to repair damaged or cracked structures remains a
crucial and ongoing challenge. Piezoelectric actuators have emerged as a particularly
promising solution, offering not only precise control but also efficient energy conversion,
which is vital for effective structural repair [1]. Recent advancements in material science
have paved the way for cutting-edge repair techniques that harness the unique properties
of piezoelectric materials, enabling more sophisticated and responsive repair mechanisms
that can adapt to dynamic stress conditions in real time [2,3]. However, understanding its
behaviour under diverse environmental conditions is paramount. Repair techniques can be
broadly classified into active and passive methods. Passive repair techniques involve static
reinforcement without real-time adaptation to structural changes, whereas active repair
methods can dynamically respond to evolving damage [4].

In fracture mechanics, significant attention is given to stress intensity factors (SIFs),
which characterize the intense stress field at the tip of a crack. The fracture behaviour of a
material is governed by the SIF, and a specimen is likely to fail when this factor reaches
a critical threshold. In this study, the term active repair refers to the capability of PZT
patches to dynamically adjust the stresses at the crack tip by applying controlled mechanical
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stress through electrical actuation. While passive techniques do not adapt to real-time
structural changes, the active approach involves applying an electrical voltage to the PZT
patches, which generate controlled mechanical stress that counteracts the stresses at the
crack tip. This dynamic adjustment enhances the structural integrity of the repaired plate
by redistributing stresses around the crack area, leading to improved performance and
longevity of the repair. The unique capability of piezoelectric materials to convert electrical
energy into mechanical stress and vice versa enables their effective use in active repair
systems [5]. This property allows PZT patches to provide real-time adjustments and control,
contributing to better performance and durability of the repair. The electro-mechanical
properties of the PZT materials have been employed for the control of delamination in beam
structures [6,7]. Numerical simulations were performed to see the effect of repair under
varying applied external voltage. A study on repair of a column, which was subjected to
compressive load, was proposed in [8] with an aim to improve its load holding capacity.
A crack on the cantilever structure subjected to alternate loading was repaired using a
PZT patch and it was found to be effective for preventing the failure of the structure [9].
Duan et al. [10] performed a finite element analysis using commercial code ABAQUS for
the restoration of a delaminated beam. The von Mises stress near the fracture point was
effectively reduced with the assistance of an external electric field applied to the PZT patch.

For the repair of a delaminated structure, a numerical model was developed in [11],
and the results of the same were validated by the finite element (FE) model. A decrease
in the stress in the delamination region was observed using this repair methodology. An
experiment was performed on a cantilever beam whose left end was fixed in all directions
and on the other free end, an external load was applied, which was dynamic in nature.
A crack on its centre on the top face was repaired by placing a PZT patch exactly on
the same spot but on its bottom face [12]. An aluminium cracked panel was repaired
using a PZT actuator using FE simulations and was validated further by conducting an
experiment. Results showed that due to the activation of the PZT patch, a significant
reduction in crack propagation was recorded [13]. Alaimo et al. [14] investigated the
dynamic behaviour of piezoelectric active repair on cracked structures, focusing on the
coupling between elastic and electric fields. Utilizing boundary element simulations,
they incorporated a multidomain technique with an interface spring model to represent
the crack and bonding layer. The analysis aimed to characterize the dynamic repairing
mechanism by computing dynamic SIFs, emphasizing the influence of inertial forces on
fracture mechanics behaviour. A study focused on the fracture behaviour of cracked
structures, particularly the stress intensity factors near the fracture point, was conducted,
which applied linear fracture mechanics to determine fracture toughness parameters of a
cracked plate with a piezoelectric actuator under mode I load. An analytical model was
developed to correlate piezoelectric parameters with the stress intensity factor and energy
release rate [15]. Through three-dimensional finite element analyses, the effects of adhesive
properties on the performance of active repairs in cracked aluminium plates under mode I
loading were explored in [16].

Evaluation was based on the adhesive layer’s shear modulus, with results indicating
an inverse relationship between the shear modulus and stress intensity factor, serving as a
fracture criterion. Abuzaid et al. [17] explored the effectiveness of PZT actuators in reducing
crack damage propagation in thin plate structures, where they developed an analytical
solution using the virtual crack closure technique, considering the singular stress at the frac-
ture point and the coupling effects of the PZT patch. The analytical model’s accuracy was
validated against finite element simulations, showing good agreement. Results indicate that
applying an extension mode of the PZT actuator reduces SIF. Abuzaid et al. [4] performed
an experimental validation of the analytical model and FE analysis conducted using ANSYS
17.0 software, demonstrating results for mode I crack opening conditions. Furthermore, a
parametric analysis investigated the influence and efficiency of piezoelectric actuators in
mitigating SIF. The effectiveness of PZT actuators in reducing crack damage in engineering
structures was investigated in a study [18]. It examined the active repair of centre-cracked
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plates with these actuators by combining analytical and numerical methodologies. The
weight functions approach was used to construct the analytical model, which then predicts
the SIF caused by the actuators. Meanwhile, LEFM provided the solution for the plate
under external loading. Fesharaki et al. [19] investigated piezoelectric actuator placement
to mitigate stress concentration in classical plates under tensile force. They explored various
plate configurations and employed a particle swarm optimization algorithm to identify
optimal actuator locations based on stiffness ratios. Results indicated distinct placement
models for stiffness ratios below and above 1, with actuators directly reducing stress for
lower ratios and indirectly influencing stress distribution for higher ratios. Empirical
tests validated the effectiveness of the proposed approach, offering insights for enhancing
structural integrity through piezoelectric actuation in classical plates.

An FE method was used to model the composite plate with a crack. It utilized an
eight-node structural shell element for the discretization of the composite material. On the
other hand, an eight-node coupled-field element was used to model the piezoelectric patch
to repair the cracked composite plate under both static and dynamic loading conditions [20].
The health of a multi-cracked beam was restored using PZT patches by the active repair
technique. To analyze the repair performance of the same, Hai [21] used an analytical
method and then validated it with the FE simulation method, which proved to be in good
agreement. Asraar et al. [22] employed the machine learning technique for optimizing the
SIF of the actively repaired aluminium plate using PZT patches. The important parameters
of the host plate, patch, and adhesive were optimized using different ML models and the
best models with high accuracy and the least error were highlighted. An investigation
was conducted to study the impact of curing temperature of an adhesive on active repair
using a mathematical model [23]. The principle of superposition and weight function
method were utilized to analyze the effect of PZT patches for the repair of a C-type cracked
specimen in [24]. Furthermore, a parametric study was performed to achieve the least
SIF value. For a similar kind of repair using PZT patches, Aabid et al. [25] used the
Design of Experiment (DOE) method for a similar type of repair using PZT patches in
order to optimize the repair and achieve the minimum value of SIF using the optimal
combination of input parameters. The results indicated that the DOE performed best
in accomplishing its objective. Agrawal et al. [26] explored the optimal placement of
piezoceramic actuators for controlling the shape of beam structures through both analytical
and experimental approaches with an aim to identify the best locations and voltages for the
actuators to minimize the discrepancy between the desired and achieved shapes of the beam.
Kumar et al. [27] investigated active repair of a cracked cantilever beam under thermo-
mechanical load; however, the results were found to be inconsistent due to uncertainty
and irregular sensing behaviour of piezoelectric material. Voutetaki et al. [28] efficiently
controlled the debonding process in dynamically loaded RC members strengthened with
FRP sheets using PZT actuators/sensors and the EMI admittance concept in the active
mode and extracted valuable results on optimum dynamic load to eliminate probable
debonding failure. It was found that the optimal voltage level of the piezoelectric actuation
eliminates the stress concentration at the debonding area of the FRP. Quantitatively, the
normal tensile stresses at the critical concrete—FRP adhesive interface—are reduced below
the concrete tensile strength, suggesting an effective FRP debonding prevention.

In aerospace applications, thermal variations due to altitude changes can induce
stresses that interact with mechanical loads, potentially reducing the effectiveness of re-
pairs over time [29]. The existing literature predominantly focuses on the application of PZT
patches for repairing structures under mechanical loading, with limited attention given to
thermo-mechanical loading, particularly in the context of cantilever structures. Addition-
ally, the influence of various parameters under both mechanical and thermo-mechanical
loading remains largely unexplored. To address this research gap, this study employs a
finite element analysis to investigate the repair of centre-cracked aluminium 2024, a preva-
lent material in aerospace applications for fuselages and wings, under thermo-mechanical
loading conditions. Furthermore, this study thoroughly examines key parameters related
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to a PZT patch and adhesive properties that impact repair performance under both mechan-
ical and thermo-mechanical loading. The analysis utilizes the commercial finite element
software ANSYS 2022/R2 for comprehensive investigation.

2. Geometric Configuration of Plate

The specimen under investigation is a structural aluminium plate with the following
dimensions: height H = 160 mm, width 2W = 100 mm, and thickness T = 1 mm. This plate
features a centrally located crack with a length of 2a. The specimen is subjected to a uniform
mechanical load of 1 MPa applied at both ends and a uniform thermal load ranging from
−70 ◦C to 110 ◦C. To mitigate the effects of the crack, an actuation system comprising a
PIC151 PZT actuator is employed. This actuator has dimensions of height Hp = 20 mm,
width Wp = 40 mm, and thickness Tp = 0.5 mm. It is attached to the plate using an adhesive
layer, which has dimensions of height Had = 20 mm, width Wad = 40 mm, and thickness
Tad = 0.03 mm. The PZT patch is strategically positioned 1 mm away from the crack to
optimize its effectiveness, as depicted in Figure 1.
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Figure 1. Piezoelectric patches bonded on centre-cracked plate using adhesive.

The choice of materials for the structural plate, PZT patch, and adhesive is critical
for ensuring the durability and performance of the repaired specimen. The aluminium
plate serves as the primary structural element, selected for its high strength-to-weight
ratio, good thermal conductivity, and excellent corrosion resistance. These properties make
aluminium a suitable material for structural applications subjected to both mechanical and
thermal loads. The PIC151 PZT actuator is chosen for its high piezoelectric coefficients and
electro-mechanical coupling factors, which enable efficient actuation. PZT (lead zirconate
titanate) is a widely used piezoelectric material in actuators due to its ability to convert
electrical energy into mechanical displacement. This property is harnessed to counteract
the stress concentration around the crack, thereby enhancing the structural integrity of the
plate. Table 1 details the material properties of the aluminium plate, and adhesives, while
Table 2 lists the mechanical and thermal properties of PZT patches.

Table 1. Material properties of the plate and adhesives.

Parameter Host Plate
Adhesive

FM73 Araldite 2015 AV138/HV998

Density 2715 kg/m3 1160 kg/m3

Poison’s ratio 0.33 0.32 0.345 0.47
Young’s modulus 68.95 GPa 1.83 GPa 5.1 GPa 4.59 GPa

Shear modulus 0.96 GPa 1.89 GPa 1.56 GPa
Thermal expansion coefficient (α) 22.5 × 10−6/◦C 50 × 10−6/◦C 85 × 10−6/◦C 67 × 10−6/◦C
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Table 2. Material properties of PZT patches.

Parameter PIC151 Patch PZT-5H

Density 7800 kg/m3 7870 kg/m3

Compliance matrix S11 = 15.0 × 10−12 m2/N S11 = 16.6 × 10−12 m2/N
S33 = 19.0 × 10−12 m2/N S33 = 21.0 × 10−12 m2/N

PZT strain coefficient
d31 = −2.10 × 10−10 m/V d31 = −3.20 × 10−10 m/V
d32 = −2.10 × 10−10 m/V d32 = −3.20 × 10−10 m/V

Piezoelectric stress coefficients
e31 = −8.4746 C/m2 e31 = −19.277 C/m2

e33 = 21.231 C/m2 e33 = 30.953 C/m2

e15 = 14.8718 C/m2 e15 = 19.084 C/m2

Thermal expansion coefficient (α)
6 × 10−6/◦C 3.5 × 10−6/◦C
6 × 10−6/◦C 3.5 × 10−6/◦C
−5 × 10−6/◦C 4 × 10−6/◦C

3. Active Repair Using Piezoelectric Actuators

Active repair using piezoelectric actuators leverages the electro-mechanical properties
of PZT (lead zirconate titanate) patches to dynamically counteract stresses at the crack
tip, thereby halting crack propagation. This innovative approach combines mechanical
actuation and electrical control to enhance the durability of repaired structures.

In this study, we consider a centre-cracked plate subjected to external tensile loading,
as shown in Figure 2. The tensile stress ‘σ’ is applied uniformly on the top and bottom
edges of the plate, creating a stress concentration at the crack tip. To actively mitigate the
crack’s propagation, two PZT patches are placed: one directly above and the other below
the crack. These patches are symmetrically positioned around the crack’s plane, ensuring
efficient stress counteraction.
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3.1. Piezoelectric Effect and Its Application

The active repair mechanism relies on the converse piezoelectric effect, a characteristic
of materials like PZT, enabling them to convert electrical energy into mechanical defor-
mation. Piezoelectric materials exhibit two primary behaviours. The direct piezoelectric
effect generates an electric charge in response to applied mechanical stress, as illustrated
in Figure 3a, where the material deforms under an external mechanical force. In contrast,
the converse piezoelectric effect, shown in Figure 3b, refers to the material’s deformation
(expansion or contraction) when exposed to an external electric field. This expansion
or contraction occurs along its length L, with a change denoted as ∆L. This property is
instrumental in active repair techniques, where controlled mechanical stress is applied
through electrical actuation to adjust the stresses at the crack tip dynamically, enhancing
the structural integrity of the repaired component [30].
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For the active repair strategy discussed here, the converse piezoelectric effect is ex-
ploited. When an electric voltage is applied across the PZT patches, they expand or contract
depending on the polarity and magnitude of the applied voltage. In this case, both PZT
patches are designed to expand upon voltage application, exerting controlled mechanical
stress at the crack tip.

3.2. Mechanism of Crack Arrest through PZT Actuation

The application of a controlled electric voltage to the PZT patches induces expansion
along their surfaces, generating compressive stresses at the crack tip. Since two PZT patches
are placed on opposite sides of the crack, their simultaneous expansion applies a uniform
compressive force at the crack plane. This compressive force opposes the external tensile
stress σ, reducing the overall stress intensity near the crack tip.

4. Finite Element Method (FEM)

In the context of this study, the SIF is a critical parameter for understanding the fracture
behaviour of materials under mechanical and thermo-mechanical loading. This section
details the methodology used to calculate the SIF using FEM, focusing on the displacement
extrapolation technique and the mathematical modelling involved.

4.1. Background of Modelling

In the finite element analysis, the stress and strain fields around the crack tip are
calculated using the nodal displacements. The SIF can be determined by extrapolating
these displacements. The process begins by solving the global stiffness matrix equation,
Ku = F, where K is the stiffness matrix, u is the nodal displacement vector, and F is the force
vector. The solution provides the nodal displacements, which are then used to calculate the
stress and strain fields. At this point, it is important to note that the analysis follows the
principles of Linear Elastic Fracture Mechanics (LEFM), which is a theoretical framework
used to describe the behaviour of cracked structures. LEFM assumes that the material
behaves elastically around the crack tip, with a very small plastic zone that can be neglected.
The theory is particularly useful for determining the stress intensity factor (SIF), which
quantifies the stress concentration at the crack tip. The SIF plays a crucial role in predicting
the onset of crack growth under different loading conditions.

The stress functions developed by Westergaard [31] for a LEFM analysis are given by

σxx =
K√
2πr
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θ

2

[
1 − sin

θ

2
sin

3θ

2
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(1)
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2
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2

]
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τxy =
K√
2πr

cos
θ

2
sin

θ

2
cos

3θ

2
(3)

where r represents the radial distance from the crack tip to the point where the stress is
being evaluated, measured in units of length, and θ is the angular coordinate measured
from the crack plane expressed in radians and K is the stress intensity factor, expressed in
MPa

√
m. These equations describe the normal and shear stresses near the crack tip. For

validating these equations, LEFM assumes that the plastic zone at the crack tip is minimal.

4.2. Displacement Extrapolation Technique

The displacement extrapolation technique is a well-established method for calculating
the SIF in linear elastic materials. This method relies on the high gradient of stress and
strain fields around the crack tip. To accurately represent these fields, singular elements are
employed as suggested in [32] and illustrated in Figure 4b. These elements, as suggested by
Barsoum [33] and Henshell and Shaw [34], are designed to capture the 1/

√
r singularity of

stresses and strains near the crack tip as shown in Figure 4a, while Figure 4c represents the
singular element in 3D. In these elements, mid-side nodes are shifted to the quarter-point
positions, significantly enhancing the accuracy of displacement and stress fields around the
crack tip.
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4.3. Calculation of Stress Intensity Factor (SIF)

The SIF, KI, that quantifies the stress state near the tip of a crack can be defined
according to Tada et al. [35] as follows:

KI = σ
√

πa (4)

where σ represents the far-field applied stress and a is the crack length. This equation
illustrates the influence of the applied stress and crack size on the SIF.
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To calculate the SIF using the displacement extrapolation method, the following
equation is used:

KI =
√

2π
2µ

1 + k
|∆ν|√

r
(5)

where ∆v is the displacement of one crack face relative to the other, µ is the shear modulus,
k is a dimensionless correction factor related to the geometric configuration of the crack,
and r is the distance from the crack tip [36]. The term

(
|∆v|/

√
r
)

is evaluated based on the
displacements at three nodal points around the crack tip.

4.4. Nodal Displacement Extrapolation

To obtain the SIF, the displacements at nodes near the crack tip are analyzed. The
value of v is normalized so that v at node I (where r = 0) is zero. The displacements at
nodes J and K are used to determine parameters A and B such that

|∆v|√
r

= A + B · r (6)

As r approaches zero, the expression simplifies to

lim
r→0

|∆ν|√
r

= A

Thus, the mode I SIF is calculated as

KI =
√

2π
2µA
1 + k

(7)

4.5. Implementation in ANSYS

The software’s KCALC command is used to compute the SIF based on the nodal dis-
placements obtained from the FEM analysis. Singular elements are employed to accurately
capture the displacement field near the crack tip. The displacement values from these
elements are used in the extrapolation equations to calculate the SIF. This method ensures
that the calculated SIF values are precise and reliable for assessing the fracture behaviour
under mechanical and thermo-mechanical loading [37].

Thermal loading involves the application of temperature variations that induce ther-
mal stresses within a material due to expansion or contraction. For an aluminium plate
with a crack, the thermal stresses can be described by the following governing equations:

The thermal stress σthermal in an isotropic material can be expressed as mentioned in
Equation (8) [38]:

σthermal = Eα∆T (8)

where E is the Young’s modulus, α is the coefficient of thermal expansion, and ∆T is the
change in temperature.

When considering the combined mechanical and thermal loading, the total stress at a
point is the sum of the mechanical and thermal stress:

σtotal = σmechanical + σthermal (9)

Therefore, the stress intensity factor at the crack tip under thermo-mechanical load-
ing can be expressed as the sum of the stress intensity factors due to mechanical and
thermal loading:

KI(total) = KI(mechanical) + KI(thermal) (10)
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The energy release rate G, which measures the energy available for crack propagation
per unit crack growth, is a crucial parameter in fracture mechanics [39]. For mode I loading,
it can be defined as

G =
K2

I(total)

E
(11)

4.6. Structural Modelling and Meshing

Using a coupled-field analysis approach, this study examines the interactive behaviour
of structural and electric fields, with a specific focus on piezoelectric effects. The piezoelec-
tric actuator is represented by the coupled element SOLID226, which consists of 20 nodes
and supports up to five degrees of freedom. SOLID226 empowers engineers to navigate the
complexities of electro-mechanical interactions with precision. For a visual representation,
refer to Figure 5 illustrating the schematic view of the SOLID226 element as depicted in the
ANSYS Mechanical APDL Theory Reference [40].
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To simulate the cracked plate and the adhesive layer between the plate and the patch,
we used the SOLID186 element. The SOLID186 is a three-dimensional solid element,
shown in Figure 6, which features higher-order characteristics with quadratic displacement
behaviour. This element has 20 nodes, each with three degrees of freedom, including
translations in the x, y, and z directions. It is specifically designed for a solid structure
analysis and is highly effective in linear applications because of its advanced capabilities.
SOLID186 provides excellent precision and accuracy in modelling complex structural
behaviours, making it an ideal choice for scenarios that require a detailed simulation of
intricate component interactions.
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To optimize computation efficiency and reduce processing requirements, the plate is
modelled using only one-quarter of its geometry, taking advantage of symmetry as shown
in Figure 1. Additionally, a fine mesh is implemented around the crack front to accurately
compute the SIF. SIF is determined by employing the interaction integral method, which
incorporates the virtual crack extension technique. This method yields precise results while
reducing the required mesh density. Stress and strain singularities are created around the
crack tip using singular elements aligned with the crack direction. Figure 7 depicts the
comprehensive finite element models for the quarter model. The crack front consists of ten
singular elements, and the PZT actuator is comprised of 5000 coupled-field elements. The
damaged plate is modelled using 15,146 high-order reduced integration solid elements,
while the adhesive layer is represented by 2500 high-order reduced integration solid
elements. This modelling approach guarantees a precise simulation of the piezoelectric
actuator’s interaction with the structural plate.

Figure 7. Meshed model of plate.

Figure 8 illustrates the boundary conditions and external loading applied to the
geometric model. The model represents the right bottom quarter of the cracked plate for
symmetrical considerations, reducing computational complexity without compromising
accuracy. The boundary conditions, clearly marked in the figure, show fixed constraints
along the symmetry lines with external tensile loading applied perpendicularly.
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A constant temperature of between −70◦ C and 110 ◦C was applied to the entire model
in addition to an external mechanical stress. As a result, the model’s volumes all reach the
same temperatures. The model is shown in Figure 9 with a constant temperature of 110 ◦C.
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4.7. Mesh Convergence Test

In this study, mesh sensitivity tests were conducted to evaluate the accuracy and
computational efficiency of different mesh types for the active repair of a cracked plate
using PZT actuators under mechanical and thermo-mechanical loading conditions. The
tests were divided into two sections: one focusing on mechanical loading with a mechanical
load of 1 MPa and the other on thermo-mechanical loading where the model was subjected
to a temperature of 110 ◦C along with a tensile mechanical load of 1 MPa. For meshing
the patch and adhesive, a structured mesh was used, while an unstructured mesh was
applied to the plate, with each boundary line of the plate divided into several elements.
The meshing focused particularly on the crack tip area, where singular elements were
employed to capture the stress concentration accurately. The crack tip was discretized
into 6, 10, and 16 circumferential elements for the coarse, intermediate, and fine meshes,
respectively, ensuring an increasingly refined analysis of the stress intensity factor. The
element sizes for the PZT patch and adhesive were 0.0008m, 0.0005m, and 0.0002m for
these respective meshes. The results and the rationale for selecting the intermediate mesh
type are discussed below.

Under pure mechanical loading conditions, the coarse mesh configuration required the
least computational time but exhibited the highest error in the SIF value, with a percentage
difference of 9% compared to the fine mesh as depicted in Figure 10. The intermediate
mesh provided a good balance between accuracy and computational efficiency, with a
percentage difference in SIF of 3.2% compared to the fine mesh. This intermediate mesh
took significantly less time to solve the problem, being less than half the computational
time of the fine mesh. While the fine mesh yielded the most accurate SIF values, it required
more than double the computational time compared to the intermediate mesh. The details
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of the mesh analysis and the number of elements used in this study have been listed in
Table 3.
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Table 3. Mesh analysis under mechanical loading.

Mesh Type No. of Elements No. of Nodes CPU Runtime SIF

Coarse 8708 15,231 368 s 0.05828
Intermediate 27,114 51,649 757 s 0.07781

Fine 54,927 98,651 1593 s 0.07531

For thermo-mechanical loading conditions, the coarse mesh again required the least
computational time but had the highest error in SIF values, with a percentage difference
of 13% compared to the fine mesh as illustrated in Figure 11. The intermediate mesh
continued to provide a balance between accuracy and computational efficiency, with
a percentage difference in SIF of 4.5% compared to the fine mesh and nearly half the
computational time of the fine mesh. Although the fine mesh provided the most accurate
SIF values, it demanded significantly more computational time, more than double that of
the intermediate mesh. The computational time for solving thermo-mechanical loading
problems was higher than for mechanical loading alone, due to the added complexity of
modelling thermal stresses and their interactions with mechanical stresses. The selection of
mesh configurations was based on a balance between computational time and accuracy in
predicting the SIF. Coarse meshes, while requiring the least computational time, resulted
in greater error in SIF calculations. Fine meshes, though the most accurate, required
substantially more computational time. The intermediate mesh, with a reasonable element
size, was chosen under both mechanical and thermo-mechanical loading for its ability
to reduce SIF error while maintaining computational efficiency, thus providing the best
compromise between accuracy and time consumption. The details of the mesh analysis
under thermo-mechanical loading have been listed in Table 4.
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Table 4. Mesh analysis under thermo-mechanical loading.

Mesh Type No. of Elements No. of Nodes CPU Runtime SIF

Coarse 9983 16,958 624 s 0.54823
Intermediate 26,418 48,214 1179 s 0.48068

Fine 59,715 102,564 2685 s 0.4595

4.8. Validation of Present Work
4.8.1. Validation of Unrepaired Plate

The present work has been verified using theoretical and experimental existing work.
To obtain the SIF value, one needs to define a path and must ensure that the crack face
is aligned parallel to the x-axis to establish a local coordinate system for the crack tip,
with the y-axis perpendicular to the crack face. The SIF was then computed using the
KCALC command in ANSYS. The SIF obtained for the unrepaired plate was verified using
Equation (4) by Tada et al. [35]. The results of both the literature and the present work
showed good agreement with less error as can be seen in Figure 12 and Table 5.
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Table 5. Verification of present results.

Case Type SIF Percentage Error

Abuzaid et al. [4] Experimental 1.01335
3.62%Current work FE Simulation 1.0514

4.8.2. Validation of Repaired Plate Using Active Repair

To verify the results, the displacements derived from the analytical method are com-
pared with those obtained from the finite element (FE) analysis for a PIC151 piezoelectric
actuator from PI Ceramic, which operates in the extension mode (d31) under an applied
voltage of 100 V. The constitutive equations of the piezoelectric material are outlined
as follows:

S1 = sE
11T1 + d31E3 (12)

D3 = d31T1 + εT
33E3 (13)

When the external mechanical load is not considered, the strain in the free actuator is

S1 = d31 E3 (14)

δo = S1 Ip (15)

E3 = V/tp (16)

where S1 represents the mechanical strain, T1 denotes the stress, D3 indicates the electrical
displacement, E3 stands for the electric field, sE

11 is the mechanical compliance at the zero
electric field, εT

33 is the dielectric constant at zero stress, d31 is the piezoelectric coefficient,
δo is the displacement, and Ip and tp are the length and thickness of the piezoelectric
material, respectively.

The actuator has dimensions of tp = 0.3 mm for thickness and Ip = 20 mm for length.
Due to symmetry, only one-fourth of the piezoelectric patch is modelled. Nodes along the x-
plane interface were constrained in the x-direction, while nodes along the y-plane interface
were constrained in the y-direction. The FE displacement result, δoF = −1.435 µm, is in
good agreement with the analytical result, δo = −1.40 µm. Furthermore, an experimental
study performed by Abuzaid et al. [4] on the repair of edge-cracked aluminium plates using
PIC 151 actuators was referenced. The actuators were bonded around the crack region
with an Araldite 2015 adhesive. The host specimen dimensions were 220 mm in height,
38.5 mm in width, and 1 mm in thickness. To determine the stress intensity factor (SIF) at
the fracture tip, electric resistance strain gauges were employed. The PZT actuators were
activated by an electric field of 100 V using an E-413 piezo amplifier (Karlsruhe, Germany).

5. Results and Discussion
5.1. Mechanical Load

Under pure mechanical loading, the PZT patches significantly reduced the SIF at the
crack tip. The effectiveness of the active repair is quantified by the reduction in SIF. The
SIF reduction indicates the ability of the PZT actuators to stabilize the crack and prevent
its further propagation. For a smaller crack length (5 mm) repaired using PIC151, the PZT
actuators are highly effective, achieving a 37.26% reduction in SIF. This significant drop
demonstrates the strong influence of the induced compressive stresses in mitigating the
crack growth. However, as the crack length increases, the effectiveness of the active repair
diminishes. Specifically, the SIF reduction for a 7.5 mm crack is 35.83%; for a 10 mm crack,
it is 32.02%; for a 12.5 mm crack, it is 30.44%; and for a 15 mm crack, it is 28.25%, as can
be seen from Figure 13. This trend can be attributed to the larger crack surface area and
the increased stress concentration at the crack tip as the crack lengthens. The compressive
stress generated by the PZT patches becomes less effective in counteracting the higher
tensile stresses present in longer cracks.
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5.2. Effect of PZT Patch Thickness

In this section, the impact of varying the PZT patch thickness under different voltage
levels was examined, as illustrated in Figure 14. For a crack of 10 mm actuated by a PIC151
patch, the results reveal that the normalized SIF reduction exhibits a slight increase as the
thickness of the piezoelectric actuators increases in passive and low-voltage conditions.
This indicates that thicker piezoelectric actuators are somewhat more effective in reducing
SIF under these circumstances. However, this trend does not hold consistently as the
applied electric field intensifies. When the electric field is relatively high, the impact of
increasing the actuator thickness diminishes and can even reverse. Specifically, at these
higher voltage levels, thicker piezoelectric actuators become less effective, leading to
an increase in SIF compared to thinner actuators. This phenomenon can be explained
by the behaviour of strain produced by the piezoelectric actuators. At low voltages,
thicker actuators can better distribute and counteract the stress concentration around the
crack due to their larger volume and mechanical stiffness. This results in a reduction in
SIF. However, as the voltage increases, the relationship between actuator thickness and
strain becomes more complex. Thicker actuators may reach a point where their ability to
generate effective strain diminishes. This could be due to nonlinear piezoelectric effects and
material saturation, where the efficiency of strain production decreases and internal stresses
increase, counteracting the benefits observed at lower voltages. In summary, while thicker
piezoelectric actuators initially provide better SIF reduction in low-voltage scenarios, their
effectiveness decreases and reverses at higher voltages due to changes in strain behaviour
and the onset of nonlinear material properties.

5.3. Effect of Different PZT Materials

In our study comparing the effectiveness of PZT materials, namely PZT-5H and PIC151,
for active repair under mechanical loading conditions, we observed compelling results as
shown in Figure 15. The superior performance of PZT-5H in reducing the SIF compared to
PIC151 can be attributed to several key factors. Firstly, PZT-5H exhibits higher piezoelectric
coefficients compared to PIC151. With higher values for e31, e33, and e15, PZT-5H can
generate larger electric fields when subjected to an applied voltage. Consequently, this
results in the induction of more significant mechanical stresses, which effectively counteract
stress concentrations at the crack tip. In contrast, the lower piezoelectric coefficients of
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PIC151 limit its ability to induce comparable stresses, leading to a less effective reduction
in SIF. Secondly, the lower stiffness coefficients of PZT-5H play a crucial role in its superior
performance. With lower values of stiffness coefficients, PZT-5H deforms more readily
under the same applied voltage compared to PIC151. This enhanced flexibility allows PZT-
5H to transfer induced stresses more effectively to the surrounding material, facilitating
better stress distribution and a more efficient reduction in SIF around the crack tip. The
combined effect of these factors makes PZT-5H significantly more effective for active repair
applications. Its ability to generate higher induced stresses and distribute them more
efficiently results in a greater reduction in SIF compared to PIC151. In conclusion, the
combination of higher piezoelectric coefficients and lower stiffness makes PZT-5H a more
effective material for active repair applications. Its ability to induce larger stresses and
distribute them more efficiently leads to a significantly lower SIF, highlighting the superior
performance of PZT-5H in enhancing the durability and reliability of repaired structures.
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5.4. Effect of Different Adhesive Material

In this study, three different adhesives were tested for their effectiveness in active
repair under mechanical loading conditions for different crack lengths. The adhesives used
were Araldite 2015, AV138/HV998, and FM73, each with distinct mechanical properties
where the actuator employed was PIC151. Araldite 2015 demonstrated the most effective
performance, yielding the lowest SIF. Following this, AV138 showed moderate effectiveness.
Finally, FM73 resulted in the highest SIF among the three adhesives tested. The results
indicate that the mechanical properties of the adhesives play a crucial role in their perfor-
mance in active repair applications. Araldite 2015’s higher Young’s modulus and shear
modulus suggest a stiffer and more robust material capable of better stress distribution
and mitigation around the crack, thus leading to the lowest SIF. In contrast, FM73’s signif-
icantly lower Young’s modulus and shear modulus imply a less stiff adhesive, which is
less effective at reducing stress concentrations, resulting in the highest SIF. AV138/HV998,
with intermediate properties, performed correspondingly, achieving SIF values between
the other two adhesives as can be seen in Figure 16.
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5.5. Effect of Adhesive Thickness

For a crack of 10 mm in an aluminium plate repaired using a PIC151 actuator actuated
by 100V, it was found that as adhesive thickness increased under mechanical loading, the
SIF also increased as can be seen from Figure 17. The explanation for this phenomenon
is that although a thicker layer of an adhesive can improve adhesion strength, it also has
the tendency to diffuse stresses transferred to the plate from the patch generated due to
actuation. This dissipation reduces the efficiency of the compressive stress transfer, which
lessens the patch’s positive effects. Consequently, there is an ineffective reduction in the
stress concentration at the crack tip, leading to an increase in SIF. Therefore, even though
thicker adhesives offer improved adhesion, they must be optimized to ensure efficient
load transmission and stress distribution to maintain structural integrity under mechanical
loading conditions.

5.6. Effect of Increasing Applied Voltage

In the study of active repair using PZT patches under mechanical loading, the effect
of increasing the applied voltage on the PZT patches was investigated. For a crack of
10 mm restored using a PIC151 actuator, the results demonstrated a significant reduction in
the SIF with increasing applied voltage. Specifically, an impressive 46% reduction in SIF



Actuators 2024, 13, 390 18 of 28

was observed when the voltage was increased from 0 V to 140 V as depicted in Figure 18.
This significant decrease in SIF can be attributed to the piezoelectric properties of the PZT
patches. The higher the applied voltage, the greater the induced mechanical strain and,
consequently, the greater the compressive stresses generated by the PZT patches. As a
result, the tensile stresses at the crack tip are effectively reduced, leading to a lower SIF. The
induced compressive stresses help to stabilize the crack and prevent its further propagation,
enhancing the integrity and durability of the repaired structure. The efficiency of the
PZT patches in mitigating crack growth is directly proportional to the voltage applied, as
higher voltages result in stronger piezoelectric responses and more substantial compressive
stress generation.
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5.7. Thermo-Mechanical Load
5.7.1. Effect of Positive Temperature

Under the application of uniform positive temperatures to the entire model, which
includes the PZT patch, the host plate, and the adhesive, significant increases in the SIF
were observed across all crack lengths. This observation is illustrated in Figure 19 where
the x-axis represents the temperature, and the y-axis represents the SIF. As temperature
increases, both the PZT patch and the host plate experience thermal expansion, but due
to their differing coefficients of thermal expansion (CTE), the induced thermal stresses
vary significantly. The PZT patch has a CTE of 6 × 10−6/◦C in the x- and y-directions
and −5 × 10−6/◦C in the z-direction, meaning it expands slightly in-plane but contracts
through its thickness as temperature rises. In contrast, the host plate has a higher CTE of
22.5 × 10−6/◦C in all directions, resulting in more substantial expansion compared to the
PZT patch. The adhesive, with a CTE of 50 × 10−6/◦C, expands even more significantly.
At higher temperatures, such as 90 ◦C and 110 ◦C, these differential expansions between
the PZT patch, the host plate, and the adhesive create substantial thermal stresses, which
exacerbate the stress concentration at the crack tip. This is particularly evident for longer
crack lengths where the stress intensity becomes more pronounced due to the larger
surface area of the crack exposed to these thermal stresses. Consequently, the SIF increases
significantly with both the temperature rise and the increase in crack length.
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The thermal mismatch leads to increased tensile stresses in the vicinity of the crack
tip, overwhelming the compressive stresses generated by the PZT actuators. At elevated
temperatures, the effectiveness of the PZT patches to mitigate crack propagation diminishes
because the thermal expansion-induced tensile stresses dominate, thereby increasing the
SIF. This effect is compounded in longer cracks, where the stress intensity is naturally
higher, leading to a much more pronounced increase in SIF at higher temperatures. In
summary, the combined effect of a temperature rise and differing thermal expansion prop-
erties of the materials used in the repair system results in significantly higher SIF values.
This increase is particularly dramatic at higher temperatures and for longer cracks, high-
lighting the challenges of maintaining effective crack mitigation under thermo-mechanical
loading conditions.
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5.7.2. Effect of Negative Temperature

During cooling under negative temperature, the aluminium plate, with its higher
coefficient of thermal expansion (CTE) of 22.5 × 10−6/◦C, undergoes more significant
contraction compared to the surrounding PZT patches, which have a CTE of 6 × 10−6/◦C.
The adhesive, with an even higher CTE of 50 × 10−6/◦C, contracts the most. This dif-
ferential contraction introduces a complex interplay of forces within the structure. The
PZT patches, due to their lower CTE values, contract less during the cooling process. This
difference creates a scenario where the PZT patches act as restraining forces on the con-
tracting aluminium plate. This interaction results in tensile stresses in the aluminium plate
near the crack tip. As the temperature drops further, these thermal mismatch-induced
tensile stresses become more pronounced, especially for longer cracks, which naturally
have higher stress intensities. The PZT patches, originally intended to mitigate crack prop-
agation through the generation of compressive stresses, become less effective under these
conditions. The tensile stresses induced by the differential thermal contraction overshadow
the compressive stresses, leading to an increase in the SIF as depicted in Figure 20.
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5.7.3. Effect of PZT Patch Thickness

For a 10 mm crack, the influence of PZT patch thickness was analyzed under thermo-
mechanical loading. The PZT patches significantly impact the SIF at the crack tip in
such conditions. The PZT patches have a negative coefficient of thermal expansion (CTE)
of −5 × 10−6/◦C in the z-direction, which means that they contract when exposed to
increased temperatures. As the thickness of the PZT patch increases, this contraction effect
becomes more pronounced, providing greater compressive forces that help to counteract
the tensile stresses caused by the thermal expansion of the surrounding materials. The
aluminium plate, with a higher CTE of 22.5 × 10−6/◦C, expands significantly more than
the PZT patches when the temperature rises. The adhesive, with an even higher CTE of
50 × 10−6/◦C, expands the most among the materials. This differential expansion creates
complex thermal stresses within the structure. The thicker PZT patches, by contracting more
significantly in the z-direction due to their increased volume, generate higher compressive
stresses. These stresses effectively counteract the tensile stresses induced by the expansion
of the aluminium plate and adhesive. The increased thickness of the PZT patches thus
enhances their ability to mitigate the tensile stresses around the crack tip, leading to a
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reduction in the SIF. As a result, thicker PZT patches provide a more stable and balanced
stress distribution, effectively reducing the likelihood of crack propagation under thermo-
mechanical loading as shown in Figure 21.
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5.7.4. Effect of Different PZT Materials

Under thermo-mechanical loading conditions for a crack of 10 mm, the analysis
revealed that PZT-5H resulted in a lower SIF compared to PIC151 as illustrated in Figure 22.
Specifically, while both materials experienced an increase in SIF with rising temperatures,
PZT-5H consistently showed a lower SIF value. This outcome can be attributed to several
key material properties and their interactions under combined thermal and mechanical
stresses. PZT-5H has a lower coefficient of thermal expansion compared to PIC151. The
lower CTE of PZT-5H means that it undergoes less thermal expansion under temperature
changes, which helps reduce thermal stresses around the crack tip. Additionally, the
stiffness properties of PZT-5H allow it to deform more easily and distribute stresses more
effectively, reducing stress concentrations. Furthermore, the piezoelectric properties of PZT-
5H, with higher piezoelectric coefficients, enable it to generate larger induced stresses under
an applied electric field, contributing to the mitigation of crack propagation. These factors
combined suggest that PZT-5H’s superior thermo-mechanical behaviour, characterized by
less thermal expansion and more effective stress distribution, leads to a lower SIF value
compared to PIC151 under the same loading conditions.

5.7.5. Effect of Different Adhesive Material

In the same study conducted to evaluate the effectiveness of different adhesives in
active repair under thermo-mechanical loading conditions, three adhesives were tested:
Araldite 2015, AV138/HV998, and FM73. The results indicated that AV138/HV998 yielded
the lowest SIF, followed by Araldite 2015, with FM73 producing the highest SIF as evident
in Figure 23. This outcome can be explained by considering both the mechanical and ther-
mal properties of the adhesives. Under thermo-mechanical loading, the thermal expansion
coefficient becomes a critical factor. AV138’s intermediate thermal expansion coefficient
of 67 × 10−6/◦C provides a balance that minimizes stress concentrations due to thermal
expansion and contraction. This property, combined with its mechanical attributes, results
in the least SIF. Araldite 2015, while mechanically robust, has a higher thermal expansion
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coefficient of 85 × 10−6/◦C, which likely causes greater thermal stresses, slightly reducing
its effectiveness compared to AV138/HV998. FM73, with the lowest thermal expansion co-
efficient of 50 × 10−6/◦C, does not expand as much under temperature changes. However,
its significantly lower Young’s modulus and shear modulus make it less effective at stress
mitigation, resulting in the highest SIF. Therefore, the combined influence of mechanical
stiffness and thermal expansion properties of the adhesives under thermo-mechanical
loading conditions explains the observed results, highlighting the importance of selecting
adhesives with balanced properties for optimal repair performance.
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5.7.6. Effect of Adhesive Thickness

From Figure 24, it is evident that under thermo-mechanical loading, the SIF increased
with an increase in adhesive thickness. This behaviour can be attributed to the combined
effects of thermal and mechanical stresses in the system. The adhesive used in the repair
has a relatively high coefficient of thermal expansion (CTE) of 50 × 10−6/◦C. As the
adhesive layer thickness increases, the adhesive expands more significantly when subjected
to temperature changes. This substantial thermal expansion can lead to increased mismatch
stresses between the adhesive and the surrounding materials (such as the plate and the
patch), exacerbating the stress concentrations at the crack tip. Additionally, the thicker
adhesive layer’s higher compliance under mechanical loads means that it deforms more
easily, which reduces the effectiveness of load transfer and stress distribution from the
patch to the plate. This decreased efficiency in transferring compressive stresses generated
by actuation further lessens the patch’s ability to mitigate the stress concentration at the
crack tip. The combined effect of thermal expansion and mechanical compliance leads to an
overall increase in SIF with thicker adhesive layers. Therefore, while thicker adhesives can
improve adhesion strength, their higher thermal expansion and mechanical compliance
under thermo-mechanical loading conditions necessitate careful optimization to ensure
efficient load transmission and stress mitigation, maintaining the structural integrity of the
repaired system.
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5.7.7. Effect of Increasing Applied Voltage

In the study of active repair using PZT patches under thermo-mechanical loading, the
impact of increasing the applied voltage on the PZT patches was analyzed at a temperature
of 110 ◦C. The results indicated a reduction in the SIF with increasing applied voltage,
like the mechanical loading case. However, the reduction in SIF was only 14.7% when
the voltage was increased from 0V to 140V as can be seen from Figure 25. This reduction
is significantly less compared to the case under purely mechanical loading, where a 46%
reduction in SIF was observed. The relatively smaller reduction in SIF under thermo-
mechanical loading can be attributed to the combined effects of thermal expansion and
mechanical loading on the crack tip stress field. The effectiveness of the PZT patches in
reducing the SIF is diminished under thermo-mechanical loading because the thermal
stresses induced by the differential expansion are significant and add to the overall stress
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at the crack tip. The thermal expansion of the aluminium plate and adhesive is more
pronounced due to their higher CTEs, leading to greater tensile stresses that the PZT
patches must counteract. As a result, the compressive stresses generated by the PZT
patches due to the applied voltage are less effective in reducing the overall stress intensity
at the crack tip.
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5.8. Comparison of Mechanical and Thermo-Mechanical Loads

Figure 26 illustrates the variation in SIF with respect to crack length for a cracked
plate actively repaired using PZT actuators. The results are presented for a purely mechan-
ical loading condition (1 MPa) and combined thermo-mechanical loading conditions at
temperatures of 50 ◦C, 70 ◦C, 90 ◦C, and 110 ◦C.

Under purely mechanical loading (1 MPa), the SIF exhibits a relatively gradual in-
crease with increasing crack length. This indicates that the PZT actuators are effective
in mitigating the stress concentration at the crack tip, thereby stabilizing the crack and
preventing significant propagation. The trend shows a consistent but moderate rise in SIF,
suggesting that the compressive stresses induced by the PZT actuators remain effective
across different crack lengths, albeit with slightly reduced efficiency as the crack length
increases. This behaviour is expected as longer cracks have larger surface areas and higher
stress concentrations, which challenge the mitigation effects of the actuators.

In the presence of combined thermo-mechanical loading, a markedly different be-
haviour is observed. The SIF values are significantly higher across all crack lengths when
thermal loads are introduced. At 50 ◦C, the SIF shows a 51% increase compared to the
purely mechanical loading condition. This trend continues with increasing temperature,
showing a 111% increase at 70 ◦C, 136% at 90 ◦C, and 150% at 110 ◦C. This dramatic increase
in SIF with temperature can be attributed to the differential thermal expansion between
the PZT patch, the host plate, and the adhesive layer. As temperature rises, the host plate,
with its higher CTE, expands more than the PZT patch. The adhesive layer, having an
even higher CTE, exacerbates this mismatch by expanding the most. These differential
expansions induce significant thermal stresses at the crack tip, which add to the mechanical
stresses already present.

The graph clearly shows that the SIF increases not only with crack length but also with
temperature, indicating that the thermal stresses dominate and amplify the stress intensity
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at the crack tip. This is particularly evident at higher temperatures, where the induced
thermal stresses become substantial enough to significantly overshadow the compressive
stresses generated by the PZT actuators. Consequently, the effectiveness of the PZT patches
in reducing the SIF diminishes with increasing temperature.
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The comparative analysis reveals that while PZT actuators are effective in reducing
SIF under mechanical loading, their effectiveness is considerably reduced under thermo-
mechanical loading. The sharp increase in SIF with temperature highlights the challenges
of maintaining effective crack mitigation in environments where thermal loads are present.
The increased SIF with both temperature and crack length suggests that the thermal
mismatch between different materials plays a critical role in stress concentration at the
crack tip. The findings emphasize the necessity for considering thermal effects in the
design and analysis of PZT actuator-based repair systems, especially for applications
involving high temperatures. It also suggests that additional measures, such as optimizing
the material properties of the PZT patch and adhesive or incorporating thermal barrier
coatings, may be required to enhance the effectiveness of the active repair in thermo-
mechanical environments.

6. Conclusions

This study provided a comprehensive analysis of the impact of thermal loading on
the repair performance of cracked plates using PZT patches, revealing significant insights
into the variations in SIF under different loading conditions and parameter configurations.
The results demonstrated that SIF increases notably with both positive and negative tem-
perature variations, highlighting the significant effect of thermo-mechanical loading on
crack propagation. Thinner PZT patches were found to yield lower SIF values under me-
chanical loading, whereas thicker patches proved more effective under thermo-mechanical
loading, indicating a complex relationship between patch thickness and loading conditions.
Among the materials tested, PZT-5H consistently showed superior performance, maintain-
ing lower SIF values in both scenarios, which underscores its robustness and versatility.
Adhesive choice was also critical; Araldite 2015 was most effective under mechanical
loading, while AV138/HV998 excelled under thermo-mechanical conditions due to its
balanced mechanical and thermal properties. Increased adhesive thickness led to higher
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SIF values across both loading conditions, emphasizing the need for precise adhesive
application. Additionally, while increased applied voltage reduced SIF under mechanical
loading, its effectiveness decreased under thermo-mechanical conditions, suggesting that
parameter adjustments must be carefully calibrated. These findings offer valuable guidance
for improving structural repair practises and set the stage for future advancements in
engineering maintenance.
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Notation and Abbreviations

a crack length
SIF stress intensity factor
KI mode I stress intensity factor
σ stress
V applied piezoelectric voltage
E Young’s modulus
CTE thermal expansion coefficient
∆T change in temperature
σxx normal stress in x-direction
σyy normal stress in y-direction
τxy shear stress
r radial distance from crack tip
θ angular coordinate around the crack tip
∆v displacement of one crack face relative to the other
µ shear modulus
k dimensionless correction factor
LEFM linear elastic fracture mechanics
3D three dimensional
G energy release rate
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