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MSC: We consider a convex combination of two classes of Lotka-Volterra operators defined on 2-dimensional
37N25 simplex. Earlier, the dynamics of a particular case of the considered operators has been investigated.
46L35 However, its bijective property was not studied. In this paper, we are able to establish that such maps are
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1. Introduction

The simplest non-linear stochastic operators, the quadratic stochas-
tic operators (QSO) were introduced and studied by Bernstein in his
study of Theory of Heredity [1]. Since then, an extensive study on
QSO [2] and later cubic stochastic operators (CSO) [3,4], have been
investigated. Their applications in various fields of natural sciences
appeared in [5-10]. Mostly in QSO and CSO, a class of Lotka—Volterra
(LV) operators have been intensively explored (see also [11]). We
notice that Lotka-Volterra models have been reported to being used
as tools for applications in ecological system such as harvesting prob-
lem [8]. However, it is not our intent to study the dynamics of a
discretised Lotka—Volterra model in this paper. Instead, we investigate
one of its properties, bijectivity; which will prove the existence of its
inverse. Nevertheless, if we have the Lyapunov function of a bijective
operator, this will aid in studying the limiting behaviour of its negative
trajectory.

We point out that while surjectivity of any LV stochastic operator
was proven [12], the bijectivity of the same class of operator was only
proven for quadratic case [2]. In general, the bijectivity of LV stochastic
operators is not yet established.

In this paper, we are going to establish the bijectivity of a class of
LV stochastic operator which is a convex combination of two different
classes of LV operator defined on 2-dimensional simplex.

Assume that E = {1,2,3}. In this paper we consider 2-dimensional
simplex is defined by

S2={x:(xl,xz,x3)eR3:x,.zo,VieE,Zx,:l}. €}
i€eE

By {e,,e,,e;} we denote the standard basis in R>. Given « C E the set
I, = conv{e,}, k € a represent a face of S2.

* Corresponding author.

A mapping K : R} — R? is called stochastic if K(S?) c S%. In this
paper, we always consider stochastic operators.

The trajectory (orbit) {(x™},n = 0,1,2,... of K for an initial value
x e $? is defined by

XD = /C(X(")) = ]C"“(X(O)), n=0,1,2,...

Denote by wy(x) the set of limit points of the trajectory {x®}* .
Definition 1. The operator K is called regular (or stable) if for any
initial point x € 52, the limit

lim K"(x)

n—oo0

exists.

Definition 2. Let K be a stochastic operator on .S and let A be a
maximal measurable subset of S? such that for any x € A the limit

1%
lim — E K 2
"l'“"m:l ) @

does not exist. If u(A) > 0 with the usual Lebesgue measure u on S2,
then K is said to be non-ergodic; if u(A) = 0, then K is called ergodic by
mod 0.

Recently, in [13], the dynamics of cubic operator U, = 60U, + (1 —
0)U,, 0 € [0,1] defined on .S 2 has been investigated. Here

=x;(1 +x1x2—x§), =x(1 +x%—x1x2),

X, X,

Uy(x) =3x) = xp(1 + xpx3 = x%), Uy (%) = 9% = x,(1 + x% — XpX3),
/ ’
X3 *3

= x3(1 + x3x, —x%), :x3(l+x§—x3x1).

E-mail addresses: farrukh.m@uaeu.ac.ae (F. Mukhamedov), pahchinhee@iium.edu.my (C.H. Pah), azizi.rosli@live.iium.edu.my (A. Rosli).

https://doi.org/10.1016/j.exc0.2023.100133

Received 27 January 2023; Received in revised form 10 November 2023; Accepted 21 December 2023

Available online 29 December 2023

2666-657X/© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

nec-nd/4.0/).


https://www.elsevier.com/locate/exco
https://www.elsevier.com/locate/exco
mailto:farrukh.m@uaeu.ac.ae
mailto:pahchinhee@iium.edu.my
mailto:azizi.rosli@live.iium.edu.my
https://doi.org/10.1016/j.exco.2023.100133
https://doi.org/10.1016/j.exco.2023.100133
http://crossmark.crossref.org/dialog/?doi=10.1016/j.exco.2023.100133&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

F. Mukhamedov et al.

It was shown that ¢(x) = xx,x3 is a Lyapunov function for U,, which
is increasing for 6 < % and decreasing for 6 > % Mainly, it was shown
that U, has the property of being regular for 6 < %, or non-ergodic for
0> % The biological interpretation of above model is clear. Consider a
population of three species, all species will coexist if § < % Otherwise
if 6 > 1, one of the species will eventually be driven to near extinction.

However, the bijectivity of U, was not proven. In the present paper,
we are going to consider a more general operator than U, and prove
its bijectivity. As a particular case, this will also imply the bijectivity
of U,.

2. Main result

In this section, we investigate the mapping W, : S> — 52 defined
by

xXp =i (1420 — D(xx, — x5,
Wy(x) = x5 = x[1 + (20 = Dxx; = )1, 3
xh = x3[1+ (20 — D(xhx; — x5H],

where r > 0, and parameter 6 € [0,1]. If 6 = %, then V) is an identity
mapping. If r = 1, then W, reduces to U,. Note that (3) is a convex
combination W, = 6W, + (1 — 6)W,, where

/o r+l - r+1
xp =x(1+x7x;, = x37), xp=x(L+ x5 = x(x,),
- r r+l = / r+l1
Wi(x) = x5 = (1 + x)x; = X[, W) = 9x) = x,(1 + X7 = x]xy),
A r+1 ! — +1
xy = x3(1+ x5x; —x37), xy = x3(1+x57 — Xix)).

In this section, we are going to prove the bijectivity of (3). We will
show that the determinant of Jacobian of W, and W, the restriction
of W, at each faces is greater than zero for any x within the interior of
respective domains.

In the sequel, we always assume that 6 # % Then, from (3) it follows
that

ap xi“ =(r + Dx}x
Ty, =Q0-1)|-0r+ 1)1qu2 ay, xpH , (C))
x4 =(r + 1)x}x3 as;
where
1
an = 5y +(r+1)x1x2—xg+1, 5)
ayy = 291— -+ Dx =X
1
azy = ﬁ +(r+ l)xgxl - x;+l’

and get its determinant

a

xq —(r+ l)xg
X1
4y | = 4|=(+ Dx’ et X" 6)
Vo 1 X, 2 H
x4 —(r+ x}) 23
3 2 X

where 4 = x;x,x3(20 — 1).

Lemma 1. Let (x;,xy,x;) € S? with x;, > 0, k € E and r > 0, then
(r+ Dxix; —xi*h e (=1, 1), forany i # j # k, i,j.k € E.

Proof. One can see that x;, < 1-x; — x;, hence

r r+1 r r
(r+ Dxix; —x; 7 > (r+ Dxjx; —x > x4+ x;+ (r+ Dxjx; — 1> —1.
Furthermore, one can show that (r+1)x/x; —x;“ < (r+Dxj(1 —x,-)—xZ“.

A
Since x{(1 — x;) has a maximum of (L> L at X; =

r+l r+1 we get

A
r+l1”
r
r+1

r
(r+Dx}x; = x:“l < ( ) —x?’l <1- x;:'l <1, ()

hence (- + Dx/x; = x;*' € (=1,1). [J
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Lemma 2. Letx € intS?, then a;, ay,as; > 0if 6 > %, and ay,ay, az3 <
0 if otherwise.

Proof. Let us consider a;,, the rest can be proceeded by the same
argument. Now using (5) together with Lemma 1 one can show that
20 = DI(r + Dxx, — x5 € (-1,1)

for 6 € [0, 1]. Hence,

14260 = DI+ Dxtx, — %]
(26 — yx,

, (8

ap =

which is positive for 6 > %, and negative if 0 < % O

Now, we are ready to formulate the main result.

Theorem 1. Let 6 € [0,1]\ { % }, then the mapping W), defined by (3) is
a homeomorphism of S2.

Proof. Let the mapping W : S! — S! be the restriction of W, on each
faces, I'y,« C E. Then the Jacobian under the restriction at each faces
is given by

Q. a::
JW: [ ii 1]] R
T4 4jj

i,j €a, 9

where 7 > 0. By Lemma 2, we can easily show that determinant
|J571 > 0. Therefore, it is sufficient to show that the mapping W}, is
a local homeomorphism at any interior point of S2.

Let x € intS?, denoting (6) as |JV0| = A, A= (a,.j)?jzl; one could
show that
|Al = ajjap a3 + appapas; + ajzay az,

— a11a2303; — 330120y — dp0a13d3)

= ay apay +[1 -+ 1)*lajyanay

+(r+ 1)(alla§3 + a33af2 + azza;).
Suppose 6 > % Since 20 — 1 € [0, 1) we have

1-(6 - Hx}!
(26 — D)x,

Doing the same for a,, and a;; we obtain

X2

ayy = o+ D2 S (4 DX 10
X1

=
|Al > (r + 1’apyapas; + 1 = (r+ 1)1ajanay
+ (r + )(ay, a§3 + 033‘1%2 + “22‘1%1)
> 0.

Now suppose 6 < % By Lemma 2 we have a;;,a5,a3;3 < 0, and it
is clear that |A| < 0. Recall that 4 = x;x,x;(20 — 1)3, thus we have the
determinant [Jy,| = AlA] > 0 for any 0 € [0,1] \ {%} This completes
the proof. []

The proved Theorem 1 implies the next result.

Corollary 1. For any initial point x©) € S?, the negative trajectory
X0, W 1xO, w2k O
exists.
Let r = 1, then W), is reduced to Uy, and recall that ¢(x) = x;x,x5 is
a decreasing Lyapunov function for Uy, 6 > %

Theorem 2. For any initial point x© € intS?, the negative trajectory of
U, exists, and it always converges to ¢ = (% % %) if 6 > %

Proof. Assume x© € intS?. Since g(x) = x,x,x; is a decreasing
Lyapunov function of U,, we have

20 2 oY) 2 ox D) 2 p(x') 2 p(x") 2 -+, an
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L
: 27’
x) = x3 = 3. Hence, the negative trajectory converges to ¢. [J

i.e. lim,__, @(x) = max{x;x,x;} = which is true only for x; =

3. Conclusion

The Bijectivity of the mapping (3) guarantee the existence of its
inverse and negative trajectory regardless of its parameter 6. Further-
more, there is no correlation between regularity of (3) and its properties
of being a bijection as shown for r = 1.

Suppose there is an ecological systems which satisfies the LV opera-
tor (3), each evolutionary path taken to achieve a state will be unique,
and its ancestral distribution could be traced.
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