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INTRODUCTION

Approximation of a function defined on a unit sphere with the system of orthogonal functions is
important in the solutions of the boundary and initial problems for the equation of the mathematical
physics, such as heat or wave equations, in a unit ball. An example of such system of orthogonal
functions is a system of orthogonal polynomials on a unit sphere.

Spherical harmonics are the restrictions of the space homogeneous harmonic polynomials on a
unitsphere S¥, N >3 . If Y,, and Y,, are spherical harmonics degree n and m, n # m, respectively
then they are orthogonal in L, (S™):

f Y,(x) YV,(x)do(x) =0, n=+#m,

SN
here do(x) is a surface element on a unit sphere.
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A set of all spherical harmonics of degree n isaa,, = W+n)!

N+n-2)! . .
— W=Dt imensional subspace
Ninl NI(N=2)!

of L,(SY). Let {Y]", Y, ...... , Ya. } is the orthonormal basis of this subspace. Then union of all such
basis will be orthonormal basis in L,(SV) .

Denote by P2 (t) the Gegenbauer polynomials (see in [6]). These polynomials can be generated
from the function (1 — 2th + h?)~* as the coefficients in expansion of this generating function in the

Maclaurin series with respect variable h . Then the following summation formula is valid
N an

¥ — 2m2 n n
P,7 (cosy) T2 Z)ZY’ ©OO),

where y, 0 <y < m, is spherical distance between x and y.
Let f € L,(SY). Then by

it = ff(x)Yj”(x)da(x), i=123,...,a,
SN

denote its Fourier coefficients by the orthonormal system {Y;*, Y7}, ... ... , Yoo} . Then the Fourier-
Laplace series of the function f define as follows

FG) = N2Y,7 (.0,

(1)
where
N-2 >
LT (0 = ) L
j=1
Then taking into account summation formula above for the Gegenbauer polynomials obtain
N s e
VT () = ; | 198, (eosr) o, @
2 77:7 SN

Note that for any function f(y) from L,(S™) the following energetic equation known also as
Parseval's equality is valid
If 1l = j n=1

where ||f|| a norm of the function f in L,(SM).
Hence from the Parseval equality it follows that for any function f in L,(SN) its Fourier-

Laplace series (1) converges in the norm of the space L,(SV).

There are many research works and literature devoted to the study of the Fourier-Laplace series on
a sphere (1). Here we note a book [6] where author analysed the problems of summability, localization
problems and the problems of the almost everywhere convergence. In [6] these problems studied in
the Lebesgue spaces L, (M), p = 1. In[1] author studied the problems of uniform convergence and
localization of the Cesaro means of the series (1) in the Nikolskii classes. The problems in the spaces
of distributions studied in [2], [3], [4], [5].
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THE CESARO MEANS OF THE FOURIER-LAPLACE SERIES.

Let «a is a non negative number. Then we define the Cesaro means of order a of partial sums of the
Fourier-Laplace series (1) as follows

SEFC) = & TR At (), ©



a _ T(a+m+1) . . _ . .
where A%, = T Dm: Itis clear that if @ = 0, then (3) is the partial sum of (1).

Subtitude (2) into (3) and change the order of integration and summation, then obtain

S9f(x) = J.f(y)O“(x,y,n) do(y), @)
where "
n N-—2 N—2
1 n+ r N-2
wmmm=F§}Lf 2%(2)&2mwy ©)
n k=1 212

Thus, the Cesaro means of the partial sums of the Fourier-Laplace series (3) we can consider
as an integral operator (4) with the kernel (5).
For the kernel (5) the following estimations are valid [1]:

Theorem 1. If @ > —1 and |§—y| Sf-g,thenforn—mo
N-1
nz ®

0%(x,y,n) = 0(1) - N—1

(2siny) 2 - (2 sin %)Ha

o) o)
+ N+1 1+a n1+N ’
(siny) 2z~ (sin %) (sin %)
if a>—-1and0< yo <y <m,thenforn>1
Oa(x, Y Tl) = 0(1) : nN—l—a,
if a>—-1and0 <y <m,thenforn>1
0%(x,y,n) = 0(1) -nV

THE SPACES OF THE DISTRIBUTIONS ON S¥.

Denote by C*(S") aspace of infinitely differentiable functions on a sphere SV. This is a linear vector
space and it can be equipped with the topology of the uniform convergence of the sequence of the
functions and their derivative of any order and denote this topological space as £(SV). Denote by
E'(SM). the space of the linear continues functionals on £(SV).

Note that a set of all polynomials Y;"(x) belong to E(SM). Then for any functional fe£'(S™)
it’s the Fourier coefficients defined as action of this functional on the function Y;"(x) as follows
fi* =<f, Yj*(x) >. Then corresponding decomposition of the functional f by orthogonal system
of the test functions represented as follows

F=) ) eof

n=1j=1
It is always convergence in the week topology which is a topology of the space &£'(SV) .

MAIN THEOREM

Beside the weak (in £'(S™)) and strong (in L,(S")) topologies mentioned above one can
consider other topologies for the equality (?) in the sub domains of SV where a distribution coincides
with the regular function. For example, if a singular distribution coincides with continuous function in
vV € SN, then we can study uniform convergence or summability of the series in V.

For the classifications of the singularities of the distributions we use the Sobolev spaces W5 (SV)
where £ any real number. Then n W (SV) = £'(SM).



The main result of this paper is the following theorem

Theorem 2. Letin V < SVisa domain and f is a continuous in V functional from the
space W (S¥) n €' (SM), £ > 1/2. Then series (?) convergence uniformly in any compact set from

v if az%w.

PROOF OF THEOREM 2.

Let us bring in a new function g, (x) which is continuous on the sphere SV and coincides with the
functional f in V and g, = f — g.(x). Then uniformly convergence of S g,(x) in any
compact set from V to f follows from estimations of the kernel (5) in the theorem 1 and the
theorem below [1]

Theorem 3. Let in g (x)is a continuous function from the Nikolskii class H%(S") and
a+f2"=,£> 1/2. Then
lim Sy g(x) = g(x),
n—->oo
uniformly inon SV,

Note that a functional g, is equal to zero in the domain V . Thus, to prove the theorem 2 we need
to prove

lim S$7 g,(x) =0,
n—-oo
which follows from the following theorem on the localization [5]
Theorem 4. Letin g(x) is a functional from the class H;(SM) n &'(SY) and a > ¢ +

N1 . Then
2

lim Sfg(x) =0,
n—oo

uniformly in any compact set from S¥\supp(g).

Theorem 2 is proved. m
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