Lyl gl all i oL

) INTERNATIONAL ISLAMIC UNIVERSITY MALAYSIA

[l Co I N, sy

CONVERGENCE OF THE FOURIER LAPLACE SERIES
IN THE SPACES WITH THE MIXED NORM

ABDUMALIK RAKHIMOV

KULLIYAH OF ENGINEERING,
INTERNATIONAL ISLAMIC UNIVERSITY OF MALAYSIA, IIUM,
53100 KUALA LUMPUR, MALAYSIA

Wednesday, August 10, 2022



CONTENT

* INTRODUCTION
* LITERATURE REVIEW
* METHODOLOGY

i FOURIER LAPLACE SERIES

ii. CHEZARO MEANS

iii. SPHERICAL SYSTEM

iv. FUNCTIONAL SPACES

v. THE SPACES WITH MIXED NORM.

*  MAIN RESULTS
* REFERENCES




“* INTRODUCTION

Solution of some boundary value problems and initial problems in unique ball leads to the
convergence and summability problems of Fourier series of given function by eigenfunctions of
Laplace operator on a sphere - spherical harmonics. Such a series are called as Fourier-Laplace
series on sphere. There are a number of works devoted investigation of these expansions in
different topologies and for the functions from the various functional spaces. In this paper we study
convergence and summability problems of the Fourier Laplace series on the unique sphere in the

spaces with the mixed norm.
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¢ INTRODUCTION

Denote by BN*! a unique ball in RV*! | surface of this ball denote by SV :
N+1
SN = {z = (21,29, ccccc. Xnp1) € RNTL. Z T2 = 1}
n=1
Let x and y arbitrary points in S~ . By v = ~(z,y) denote spherical distance
between these two points. In fact « is an angle between vectors x and y . It is clear

that v < w. By B(z,r) denote a ball on a sphere S? , with radius r» and with the
center at a point x :

B(xz,r) = {y € SN ~y(z,y) < ‘1"'}




¢ INTRODUCTION

Let A, be Laplace-Beltrami operator on S%. We have following way to calculate
operator A, , using Laplace’s operator A in RV*! (see for instance in [6].): let
f(z) a function determined on SV ; extend it to RN, by putting f(z) = f ( = ),

x|
z€ RN*TL Then A, f = Af

Laplace operator A in RV ! by spherical coordinates. In this case it would be easy
to "separate” operator A, by separation angled coordinates:

gN - Another way of determination of A, is to represent

#? N 1
A= —+——+ A,
or? * r or + =
where operator A; can be written in spherical coordinates (&1, &2, .....En—_1,() as:




¢ INTRODUCTION

1 3 . N—1 8 1 8 . N—3 3
Ag = — — ). ...
SN 1e, 96, (sm £1 7€, )+5in2 e sinN ¢, 06, (5111 625&)+ n
+ ! >
sin? & sin® & . . .sin? Ey_q OC2




¢ INTRODUCTION

Operator —A; as a formal differential operator with domain of definition C'*(S*")
is a symmetric, non negative and its closure —A, is a selfadjoint operator in Lo (5’ N ) .
Eigenfunctions Y* of the operator —A, , are called spherical harmonics. Spherical
harmonics of a degree k and ¢ . £ # £ are orthogonal . Corresponding eigenval-
ues are A\, = k(k+ N — 1), where k = 0,1,2,.... , and with frequency a; equal
to the dimension of the space of homogeneous harmonic polynomials of a degree

k: ap = Np — Np_o, where Nj. = % . That is why for each k there are a,

number of spherical harmonics {Tak} corresponding to eigenvalue A . A family

Lk
j=1
g
of functions {Y:_f"}
j=1

of a degree k which we denote by N;.

is an orthonormal basis in the space of spherical harmonics
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¢ LITERATURE REVIEW

The space of measurable functions with finite norm

I fllz,, &™) = llfllz,ro)llL, (RN-*)

called the space with mixed norm L,,(R"). If a function is defined in the domain
(2 then the corresponding space can be defined by extension of function as zero
outside of the domain (2.




¢ LITERATURE REVIEW

By H7, denote the Banach space with respect to the norm

g0 = U ey + 3 50D 121020 £ )11
|| =£

where a« = £ + k, ¥{ - non negative integer number, 0 < &k < 1, p > 1, k =

k(ky, kg, ..., kn) multiindex and
I* f(y)

3k - b
1) = 55 ok . o

and symbol A29* f(y) denotes second difference for the function 9* f(y) :
A" fy) = 0" f(y + 2) — 20" f(y) + 0" f(y),




¢ LITERATURE REVIEW

THEOREM 2.1. Let f(x) be a finite continuous in the domain Q) function from
the space Hp, (1) and

N -1 N—-k k
(21) H:}T—S, EE=T+E? Ei:p{q, 0< k< N.

Then uniformly on (1
— 00

[2] V.G. Sozanov, Uniform convergence and Riesz summability of
spectral resolutions, J. Mat Zametki, 29:6, (1981), 887-894.

[3] A. A. Rakhimov, On the uniform convergence of the Fourier
serier in the closed domain, Euroasian Mathematical Journal, v 8,

no 3, 60-69, 2017,




“* METHODOLOGY

FOURIER LAPLACE SERIES

Note that an arbitrary function f € Lo (S” ) can be represented in a unique
(@ k

way as Fourier series by spherical harmonics {}’;k}) . Such a series is called
j=1

Fourier-Laplace series on sphere:

oo dk

fl@) =) fuiYF(x) (1.1)

k=0 j=1

where fr; = [ s | {yj]{,ﬂ,-’“(y)da(y) , and equality (1.1) should be understanding in
sense of Lg {SN) .




“* METHODOLOGY

FOURIER LAPLACE SERIES

Let denote by S, f(z) a partial sum of series (1.1). It is clear that in 5, f(x) by
changing order of integration and summation one can easily rewrite it as:

Snf(z) = " f(y)O(z,y,n)do(y).

where a function ©(z, y, n) is a spectral function (see in [1] ) of a selfadjoint operator
—A and has a form:

Oz, y,n) = » » YF@)Y}(y), (1.2)

k=0 j=1

and S, f(x) is called a spectral expansion of an element f correspondin to
the operator —A (see in [1] ).




“* METHODOLOGY

CHEZARO MEANS

. Determine Chezaro means of order « of partial sums of series (1.1) by equality

S3f(@) = 5z DALY SV @) (2.1)

k=0 7=1

¥ I'oe+m
where AY = [f[uilﬁ!].

Definition 2.1. Series (1.1) is sumable to f(z) by Chezaro means of order « if it
is true that

lim 53 f(z) = f(z) (2.2)




“* METHODOLOGY

SPHERICAL SYSTEM

If (p, 61,62, ...,0k_2,p) are the spherical coordinates of the point x(x1, z2,. . .,
xk), then
xr1 = pcosbh;
r9 = psin#y cos by:
r3 = psinf sin by cos f3;
Lk—-1 = p sin 91 sin ﬁg ...sIn Hk_g COS 2]
rr = psinfy sinflh . . .sinfi_o sin p;
0<p<oo; 0<O <7 (i=1Lk—-2), 0<¢p <27,




“* METHODOLOGY

SPHERICAL SYSTEM

If for £ = 3, (z,y,z) are the Cartesian coordinates of the point M, and
(p, 8, ) are the spherical coordinates, then the equalities (1.1),(1.3) and (1.4) take
the form

r = psinfcosp, y=psinfsing, z=pcosh,

d.Sf: 2, 0 ( Ei)Jrii}m

P ap\P Bp
1 9 9, 1 0?
Ds =G990 (ﬂ”ﬂa_e) sin2f 0p?




“* METHODOLOGY

FUNCTIONAL SPACES

L,(S*1),1 <p < oo (Ly(S¥ 1) = L(S*¥1)) is the space of the function f
with the norm

1/P
"f”LP{Sk_l} = ( f |f(3:)|PdSk_1(I)) . 1< P < .

Sk—l

dS;"’_l(;r) = pk_l Si]flk_2 31 ...s8ln ﬁk_gdﬂl c . dﬂk_gd{p

For P = oo it is assumed that the space L.o(S* 1) = C(S*!) consists of
continuous functions with the norm

11l grs, = max [f(z)].

reSk—1




“* METHODOLOGY

SPACES WITH MIXED NORM
The space of measurable functions with finite norm

I zp0c5%) = Mz sSllzacs, )

called the space with mixed norm L,,(S" ).
By HJ, denote the Banach space with respect to the norm

1l erg, v 5= I F Il Lpgls D sgplzl"‘llAia"ﬂlL,,.,(sv )
|k|=¢

where a@ = £ + Kk, ¢ - non negative integer number, 0 < kK <1, p > 1, k =
k(ky, ks, ....., k,) multiindex

and symbol A20*f  denotes second difference for the function 9* f|
|

M. W. NMusopkuH, “O npubnmkeHun dyHKuuiA Ha cdepe o. O npoctpaHcTeax BS . (o),
Lokn. PAH, 331:5 (1993), 555-558; Dokl. Math., 48:1 (1994), 156-161




“* MAIN RESULTS

THEOREM Let f(x) be a finite continuous in the domain Q) function from
the space H, (S )and
N-1 N —
s > 5 -, S=Tk+§’ 2<p<a DL k<N

Then uniformly on S™

lim SEf(2) = f(2).
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